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A Suzvey 32 ths Theory of Jolestive Inf tion
and Soaew of its Behavioral Appliceti

1. Introduction

Theme is & widespread belisf - mnst forcefully articulatsd by
Norbert Wiznsr [99] -« that we are undergoing a new sciertific reveiution,
one compsradble in scope and scientific significance to that of the last
cantury; »ut whers the domimant concepts in the previcus development were
eperzy, power, and efficiency, the central notions here are information;
corenunication, and feedback, Manmy current problems atem ;‘from aticmpts to
transmit information and to exervise sonirol effsctively rathar than to achlew:
an aefficient use of energy; little more than chass would resuiv, for excmple,
were the design of a high-spead computer approzched from the energy standpoint.
"Information is infcrmation, not metter or energy. Nv materisliem which does
not admit ihis can survive of the present 3sy." [p. 155, 99].

What then is information? How is i% measured? What scilentific
statenents can be made using the term?

Several schools of thought have devclopsd, exck giving its own
answers to these quostions., In this report we propose to =xamine the answers

o

i. Mot often tho title 'information theory! 1s uced withcut the prefix

oiiiGe Ulisrs 5xLsis 2 thoor

1) e T e . AR SRV RARC T et ey a4 45 i Taad SR L

an‘..‘.“v'; however, some feel that the simpler title is nclsleadiz.g, aspecislly
s wizis o thoowr of gtruetmrsl information and orz of senantic infrrmation,
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of one of thess schools and to indicate soms cougequences for prodblems of
psychology, Fut before we turn to this, 4 certain amcwnt of bLackground material
on the histury, orientation, and relation of information theory to ciner thesorles
is sppropriate,

It is clear that 1f Wiener &and others are ccrrect in their viewas,
ths intuitive conzept 'information® must be given at least one precise meaning
and maybe more, Considering the varieiy and vaguensss of its meanings in
everyday usage, it is an s priori certainty that objections will be raised
against any particular formulation, which will surely igiuore soms of these
meanings, This problem - if it bs such = has been met many times in sciencses
we need omly tnink of words and concepis like force, emerygy, work, etc, It
is dovbiful that a formal definition ever stands or falls because of such
debatess 1t is rather the power and depth of the resalting theory wiilsc
dsleraines its ultimate fate.

Within the lesat two decades two distinct attempts have been made
to deal with the rotion of informalion, ons in Europe, and one in Americsj
thege have bean complementary rather than competitive. Bot}x thecries seen
to have arisen from much the nama clags of epplied problemst communication
involving electrical aignals, The Eurpean school, in which the namss of
Gabor [21, 22, 23, 2L, 25, 25] and MacKay [Sh, 55, 56] ave the mozt important,
hag besn concerned with tha problem of the informstion contained in a representa-
ticn of u physical situation. As seems intuitively roasonable, the concepts
of size and dimensionaliiy are important here. In Anerica, largely az the
result of work by Wiener [99, 100] and Shannca (87, 83, €9, 92, 93, 94] a

theory of infermalicn teansmisaicn hes developed whoea dominant acncepts ave
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tions,.

the central assumption of factcer anaiywis.

point in Buclidean n-gpace.

o s

that each is unaware of the work of the other,

: | the diverse origins and problems. For exzmpla, the Burcopean information

: theorisis have, in the theory of metrical f{=formation; examined in same detail
% i ths basic natural wmits ir which the several dimensions can be scaled. Their
i
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those 22 selection, statistical possibilities, and noise.

In this rzport we shall not go $nto a detailed study of the notions
of structural. and metrical information (the European sckeol), for this theory
has had, zo far as we have determined, almost nc =ffact on behavioral applica-
Of interent to the behaviorist, Lowever, is the apparently coverlocked
fact thut the bLasic concept of structursl information treory is identiozal to
Both theories are concerned with
the nunber of independent dimensions which are required to represcnt a cartain
class of data, and the genmetyirs] modeld of any particular situation e =3 a ‘
if we arz correct in this observaion, 1t is 3
interesting that basically the same consept has been independently arrived
a2t ty both the phwsiclista snd the psychologists, aud it may be unrortunate

Thaya are, of course, marked diffsrcnces of emphasis which reflect

examples are entirely drawn from physics and so it is not immsdletsiy cbvious
whether any of the zealing work in the behagioral sciences is an indspendent
dsvelopment of metrical information notions or whether they are totally differ- i
On the cther hand; the factor analyst; have developed an elaborate

matrix machinery suited to the determination of the aprreximite dimessionality

of the Euclidean repreceuntalion of iertain fiypes of data. A eomparable machinery
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does not appear *o axist in structural information theery, fhough, of comrss,
i the close relation of the structwral model to matrix theory is apparemt.

Our concern, however, is with selective information ‘heory. The
central obgservation of tbis theory is that for a great many purposes = in parti=
cular in the design of comrunication egquipmeat < ome is neaver concerned with
the particular message that is sent but rather with the c¢liss of all messages
vhich might be sent and the probabilily of ths occurrence of sach, "Ws ars

scarcely ever intcrested in ths performence of a communication-~enginzoriiig

e A D 0 ) A 2 SBARD 1 ST ams mm =— —

machine for a single input. To functlon adequately it must give a satisfaclory

performanne for a whole class of impuls, and this means a atatistisnliy sutis.

factory performa e for the class of inmputs which it is statistically expected
to receive.” [p. 55, 99]. From this point of view, information is transmitted
by a selection from among certain alternatives, 4¢ho contontion is that = ]
selection of an a priori rare event conveys more information to the receiver

than does one which is expected. This use of 'information' obviously ignores 3

all questions of meaning. "It is important %o emphasize, at %he stari, that
we are n>t concerred with the meaning or the truth of messages; aemantics

lics outside the scops oV mathematical information thec:ry."l [p. 383, 7].

M imilniptifid s 4 7 T 8D ORI i g ies S o

1, Carnap anc Par-8illel [6] have presented a Lhsory of sementic information
which is basec on Cexnapis work om inductive logic., Since thelr approach is
different fron that of selective information theory, sni siuce. ax far as we
imow, thera huve been nc behavioral applications of i1t, we have elected mnat +o
summarize it wsre. 1% may, however, become important, and should therefore not
be negiccted hy the serious smtudent of this area,
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1% may b usefnl to introduce at this point three comwm-szanse

observations which will be given a nrecice meaning in the presentation of the
theory of selective information - precise tc ths point where mmbers can be
attached to them,

1. A person commmicating over s poisy telephone line can get less

across in a given period of time than he can over a pexrfecily clsar lins.

"y

. Hot evary letter. nor indeed every word, of a message in any
natural language 15 as importeant 2e svery other ons in getting the sense of
the message., For example, the missing letter in 'q let' or the missing word
i in 'many happy of the day' can be filled in, with a high probability
of veing correct, by anyone knowing Inzlish, and therefore in the above context
_ they do not carry much immortant information,
{ 3. Every person seems to have a limited capacity to assimilaie

information, and if it is presented to him too rapidly and without adequate

> RRACUAW LA T S W i b At 36 TR 8 L 5 e S e A i A
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repetition, this capacity will be &iccedsd znd commmicatiom will break dowm.

{ As they stand, it i3 not imadistely obvious that at least acme of

i & drrid B

| these statemsmis are not concerned with semsnties. or, for that matter, that

the whole problem of information tramsmission is not primarily semantic, One

;
\
T s e L S LS

i major contribution of informaticn theory is in showing that much of what is

implied or suggested in these exarples and others liks them can be given a

-y o

precise and uvseful meaning by a statlstical treatment.
Wo shall delve into tlds mers deeply in the followlrig sectionss

vt b e

but fivst, 1zt us discuss briefly some oi the origins »f the theory and of

/ the developing iZnterest of behavicral ccientists in it.l Flectirical commnica-

. & wmuch mere corpletls history of both the American aud Europsan schools has been
given by Chersy {7, BJe
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tion enginsers gradually hzd been gaininz experience in the handling and trans-
mission of information since the early days of the telegraph, telephone, and
radic, anc during the 1920's this experience bngan to be formelized as a theory.

A most important early paper was that of Nartley (33] in 1928, where the log=

arithmic measure so charanteristic of mcderi information theory wac employed
in 2 simple form. The maturation of the theory, however; resulted from the

S Aes s P, 1Y :
wWUin OL WO WSity Norbernt THener of N

-T. and his former studant C.E. Shannon

adas i G U305 AR ST | R

of t:s D1l 'l‘ala’pi‘-“"" Iaboratorios. Shanncn®a DAY ‘eﬁﬁf 19’.18 [87_. 88] are now
tha ¢lassic formulation of the thecry, though ths msec mathematicalily inclined

! reader will find MclMillanis recont prosentation of the central theorems more

RS )l i 5.

Both Wiener and Shannom hsd much larger interests tnan improved

alectrical commmication, and thsy sensed the wider implications of the theory
and of soverzl related concepts - feedback being one of the most important,

In & series of confarences and seminurs dating back to 1941 and continuing to

- o b o e b

the present, thess concepts - sometimes classed under the title of !'Cybernetiics,’

a woerd coined by Wisnier for this somewhat nebulous discipline - and their applica-

i
g tions to the varicus bshavioral seciences have been examined and debatecl. These
i f -
; meetings™ have been beld largely in the East, many of thom in Cambrldgs, aud,
% as & consequence, the impact of information theory, which has been 30 strong
along the Eastern seaboard, has been less marksd in the West.
H
g Maniy of Yhe empirical sciences dealing with humsn betavior - psycho~
§ logy, Maguistisc, physfology, biology, psychorhysics, social psychology. neuro- !
3 ¥
{
- 1. In the introduction to nic book Cybermstics [99], Uiener presents a datailed
history of the early meetings. X
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legy, medicine, anthropologr -« have had iepresentatives at somz of thesg
seminarsy 3indsed, these men have organized and dominated many of the meet-
ings. From this there has emerged a small group of analytically inclined
behavioral scientists who believe that information theory is, or can bs, a
useful tool in handiing some provlems in various of the cisciplines. We shall
try to indicate some of the uses, and tho usefulness, of tha theory in the
latter half of this report.

Our organization of the materlal is jinto two parts. In the first,
we shall try to present a motivated synopsis of the discrete theory of selective
information. To® presentztion 18 nmost deepiy influsiced by Sbannon®s, alihoogh
tharc has been some devartvre from his, In tue sscond part we shall be concernsd
entirely with applications of the theory to problems in psychology. An attempt
has been made t© group the papers discussed according to the convensional
categorios ugsed in psycholog. A short summary of Shannon's thec:y of con=
4irmous commmication systems sppoars in an sppendi~, While thig thaoyy is
of great importance ir elsctrical application, it has s¢ far been of minor
significance in behavicoral applications, and go ii{ was felt that it should
be separsted from the main body of ths repsrt.

?. Genexal Concepts
2.1 Commmieation Systems

Information transmission always occurs witiin a certaln physical
fyamework which in general may be called a comrmunication system, Basically

such a system consists of thrse central partst a sowrce of messages, a channel

A A 2 ST Ul S N g MRS T L R v bt ok L M B i DN i e AR
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over which the messages flow, and a destination for the messaeges. The source,
which verr often 1s a human baing, generates messages {end so information, szze
section I.2.3) vy melking = series of decisioms among certsain alternstives, It
35 the seguence of such dessisions that we call a mesgage in a discrete system.
These measages are then sent cver the chaunel, which is uothing more thar an
arpronriate medium whieh establishes a connection having cervwain phyglcal

sharacieristicn between the gscurce and the destinatlon. lechanjeally, thls

st 360 G 4 G et .2"[3‘;‘};‘%‘&.54&”———“ ——

picture iz incomplete, since the decisions made by the source must be put

-~

S

into a form vhich is agitable for transmission over the channel, and the
signals coming from the shannel must be transformed at the destination into :
atimuli scceptable to it. Thus, betwean the scurge and the channel we in 2

duce a transmitter which serves to "match™ the channel to the sowrce, and :

batirenn the channal and the destination we introduen & receiver which “matches®
the channsl tc the destination., In other wordis, the transmittcr encodes wis

message for the channel and the rereivex deccdes it, £ echematis diagram of

erese 2% B oy

the system is shown in Fig, 1.

—

| Source F—>{ Transmitter > Chammel I—> Receiver

)4

Degtination

il el G L P €

Figo 1

PSR L Y

It i3 entirely pcusible to havs transmitiers which so encode
messages tuet it is not possitle to design a receiver which will compietely

recover the criginal messags. For example, if one has a receiver which ene

SN

codes all affirmative statements such as ¥0.,K.;* ™yes,¥ *all right,® etc. into

<l
|
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signal; then no dsvice can be )1.:ilt which will translate that signal

back Intc the particular word chosen by the sourece, A transmitter in which

this is the casec is called gingular, otherwise it is called non-singular,
(These terms arise if one thinks of the transmitisr za a many-many trensforma-
tion or as a one-to-one transformaticn.) Vhen ibe transmitter is non-sinsular
it is possibie tc design a receiver which ix capable of complete recovery of
the original message; 3in other words. there exists a recoiver which is the

inverae of ths transmittsr. Throughout cur discussion wa shail assume that the

¥ L

transmitter is non-singular and ithst the recciver is its inverse. Iz slifect,
this weans that ve can ignors them in our discussion and mumpose that the
source and destination are both matched to the channel.

Our abstract cormunication system seems fairly ¢ omplete except

that it does not allow for the posibility that more than ome =ource msy te

Cortainly this can happen. It
occurs when, by mistake, one telephone line is carrylng two conversations

Bm e 2V
USLng vuo

same channel at ths same time,

at onece {crvsstaik), It also happens in telephone or radic communication

when there is stetic in additicn to the desirsd message. In all such ecasos

the messagas from sources othar than the one under consideration - which we
vill simply call the source - cause interference wilh megsages from this souwce.

Such interferenze ay be minor and may te of no effect on the intelligiviiity

of the messape, as for example in the usual low-level telephcne static, or it

may be most destructive,as when another conversation is cut in. Another ex=mple

LA T

wiiC

which one might tend to put into sams catogory of iaterferences is, say,

the 50=-cycle hum which is common t¢ so many cheap radios aid which 1s eliminated

SRR ANEE IR
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; ir better sommuniceticn sysiems onmly by careful design, a lot of hard work,

; and a certain amount of lucl:. If the hum level is high emough it certainly
can lower the intelliigibility of speech, However, there is an irmportant
difference botween the problem oi interference from hum and that due tc static
or other conversations, The forme: is complieisly predictable; givsn a short

' sample to determine the exact frequency, the phase, and the amplituds, and
g0 if it exirts in tke chsimel one can either build intc the trencmitter or

into the receiver a ne‘work to subtract 1t from the resulting signal, lsaving

only the mesusage, Sintic, hiss, and crosstalk cannot be predicted ia any
dotail from any amciob of past evidence sbout themy therefore, once they
enter the channel, 4ty cannat be characterizad in full and then subtracted

P CYOEEN Y ¥

from the signal, but they must rather be accepted and compensated for in

i
¥
:
‘

Thus in cur abstraction we rmust conceive a second sourece (which

may in fact De several lumped together) also feeding signals into the chammel,

b awny et

1 e PR AR Y ST s e ey,

which has che prorerty that (for the problem under consideration) neither ihe
souxes aor the des dnation can predict in detail the meamages which will

emansite from it. Tie source or the destination mey have oF may cbiain wbati-

stical data about e nature of this second source, for example, in an electrical

cormunication sy.tem the average power of the second signal may be measured,

Such a2 source is kmown as & noise source and the signai it generates will be

cailad noise. Cleariy, thsocc are often relative terms ani what in one context

42 noise may be two message in another. This, then, cormletea our nodsl of a
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communication system, and it is shown schematieally in Fig. 2.

[sourse |—>{Transnitter |—{ Ghannei |—~| Receiver > Destinatin

1
Noise
Souxce

Figo 2

than there is a noise source in a systea it is conventional to
speek of the chamnel as being noisy, but it iz well to keep in mind that this
1is bul an sbhbreviated, and slightly misleading; weoy of speaking. The noiss
signal is pot zu invariant of the channel, as are its physieal charscteristics.
7% 1s clear that one can changs the amount of z2oise in = system while keeping
the piuysical chzracteristics of the channel, the source, and the destination
the same., JIa any given problem under coiisideration, the nolsc lewel wiii
presumably remain constant and go it cen be thought of as a property of the
channel, but as we shzil see it is = property which must be handled very

differently in the theory from the physiecal chavsetsristics of the channel,

2,2 lniseless Syctems

o commmication systen s evar moligelase in the gense That there

I8 no noige signal. For exarple, In any elecitrical syoton there must always be
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signols rrecent which rasult from the random agitation of molecuies « thermal
noise. This can be a serious problem in a high-gain arplifier, bui it is not
in a telephcne., The point, of course, is that noise is not in and of iiseld
bad, but cnly when it causes a significant interfereace in tle messages sent
by the source, The only pertinent feature of noise is whether it csuses the
destination to 'think! a different message was sent frcnm the one actually sent.
Thus il the noise level 13 low compared with ths signal lewnl. 26 low that 31
dves not signiTicantly alter the message as it passes along the channel, then
it may be completely disregarded and the sysiem can be treated as if there
were no noise present.

3ince we have gssumed by definiticn that the effect of noise is
unpredictable in advanes sxcept statistically, all we 3hall be able to stata
gbout the effect of noise on messages - and all we need to state - is the
probakiiity that 4t changes oue sigzal into another, If the sipgnals sent
(in a given situation) are always received correctly, thsn we say the systoa
{or the channsl) is noiseless, It must always be kept in mind that if we
shange the lsvol at vhich the transmittes cperates, or the lovel of the
roise signal. we may change the system from a noiselsss one to a noisy one.
Being noiseless is a property of the whole system and not of the channel
alone}

In principle, it is not necessary to deal separately with the themry
of the noirelzea and nolsy cases, for tie former s bul; a speclal case of the
latter, The presauntation, however, iz simpler if we tring in the complications
ome at a time, s» wa shall examine the noiseless casc first (section I.3) and
then the noisy one (section I.)L).
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] 2.3 The Bit - & Unit of Informaticm

2 To carry out ths program mentioned in the Introdustion, namely,

tc meke precise iad zsssimable some of oo dntuitions ocacerming the trenew

:

mission of informmiion, it i= necessery to introduce a umiv in terms of which

3 : apeunts of information may bs measwred, The centrail cbaeyrvation which is
; necded bafore one can =rviss &i an appropriste wndt is that & messags coEveys

‘.g
|
£
g

alereaiiog: oYy by its relafion o =il the olbor messapes which might hews

beer yecxived, Suwwss a perscn i5 asimad sholbo he smo¥kee. If we hawe mo %g
Xnow is the probsbilite thet he, as = randon selection frem the populstion,

:

Wil sacwer *yus,' =nd vhen he selects ome of theos altermatives and T2ansxmits

1%, some Inforection hes been comveved. Dot If it is knowm 3 pricri, s.2.,
froem previous covversstions or frowm sceing hinm smoice that be does smoks, then i

swith pacbadil Ty ons the answer wil) be fyes? and the recelpt of "res! frax

WY 4 4 SR g AR P B N LS 0y A S S

Kz il nct convey any (pew) information. In effect, cur prior Mnowlsdge
reduced the sel of poessitlis messapes to ooe with bul ons slewent; and oo far

R .
i 7

.
g
e,

* 2s wo are concernod there was no choice to be made, and Lins oo infomatica

E could o tmememtrt
The intmm condition, therefore, mder wiich: infarmation cam be
i ‘ iranswitted is when there is & choice between two alternatives. The meximm

-% unceriainty in suck a choics botween two alternatives exisis vhem they are

Z =J1ally probable, and henes the mxinmem Inforzation is comveyed from a choice -

z bebwesn 4yo altermetizes wvhen they are equally 1ikely. tis tzis such a2 cholsa

i
;
3
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¥
i
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to bhe cur wmit of Informetion, That is, whsnever s choice is made bstwesn :
i tao a pricei equally likely siternstives (no matiter shat thay are) we shali
g_ say that coe unit of i1forwation has heem transmitied by the cholen, Acoords
g ing to Shamnon, Tokny proposed that the umit be called s bit - 2 shortened
i i form of bimary digit - and that term is commonly used. Golioan [20] prefers
the tern 'himit! in owier 1o &¥old such expressions as ‘a bit of informsticn!
; which, omfortunately, s quite .ncther everydny mesning, bat we shall conform
i i i3 cx=om usese, 21 of ovr staiseenis about informatior !rumsmission, therse
P fare, will be civsa £a tiz mmit; we shall cossk of &2 Sag 'bits in o mee
; i sage,® or the'™hits transzitted per ssccrd,® or *be 'bits per English letter,® _
4 2 second Intultively desirable faature &) measurisg information is :
% thet it should be additive. Uc shall form lise exactly whet this mesas later
ﬂ {section 1.3.h), but for the present it is mmough ta say tist i two indspendent
§ choices are made betwesn two & prieci equally likely altermatives; them a
] total of two bits 1s tranamitted,
is an example of bow the bit nay o vsed, coneidar a eot of clements
; (think of them as letters of en alnhsbsl) Ia which sack slaweyt = wmally
; i 1ikely to be aclacted, Further, seppose itat the rozber n o slsments is of
: the form 2° vhere I iz ar integer. Qosstion: when sm slement is chosen Jeom
“ this z=t, how many biie of i:forwation are convayed, i.e., for this set, Do |

many bite per slement zve there? The wmewcyr is X, Ue can oasily show Lui
there are no more then I bits, for curpose ws divids ihe sel into half, eaci
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hal? being caapessd of 2V L clomants. The slecent being chosen 1s in oo
half c= the other , md the dscizion &8 to which half 5% is in is & decision
between ke omlly 14kmly alternaiives (since sach slezent has the same
probability of being chosen) and 50 iv conveys ame bit of infarmation, Taks
thet oet and divids 1t in balf, each half 0w consisting of 2 ¢ elememts.
igwir, the decislcs ae $c which of the two sots cordains ths cosired elememt
in bebroen two egueily likely altemmatives, and 8o anotber btit of information
is +-enemittod in isclating it., Contimuing the process wntil the element is

isclatsd cisarly requires ¥ steps, mnd,zssuxing addfitivily. B bits of infarws~

tiom arv ranmriited. The fact that a1l the eiemenis Wse assunsd i be
mrMderWimMmebeMtom&e
elecent in fower than ¥ binary 3cisions; this ean be nroved to be the case.
e sialil not peove it, for the concinsion that thers ars U bits per symbol
in thig sitnatiorn w111 follow frem imeh stronger and decper resulis whdch
we shal® present later.

The English alphshet ecacsiste of 2% letters which ith g spacs;
cm-,p&ioﬂ,suimlm,mlm,miqmsﬁmmkt&a&stoﬁ=2s
elemants, Hare we to suppose them ic ke chogen Indepesiantiy and wih sgoal
crehed fiies {which is peiently f2lse) then wach lstisr ~f a mesasage woul
rield five bits of information, fhile this is clesriy not a correct ostireis
aff:heb;tspermminwjahw,itwatm“anuppuww
is mamber. leter (sectio: I1.2) we shall dissuss more precise astinzies

whick show that is is actually somewbere bebween I and 2 bits per lastier.
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Contimaing with ths c===nlse, cbmt&t%n-ig,thm
Btlog;znbg&eﬁniuencf“‘Ismt'::,:ndsauawmt&tum
sitmﬁmmmmbgquitaofinfmumperelm. We will f9nd

! 3zt oor sobsegrent discussion of Irfermation tpranswmission resulis in log-
arithmic measures slishily more compliccted then this.
3. The Discrole IHoiseless System

e this section ve #ralil Slsrvms wiat 1s inownm as (he dlascretle

B ol e W T S Qeininiian] s W DN vt B

noiseless commonication system, The defimitior of a noiseless syrien has
been given in mectiom 1.2.2, and it mer be somerized by sgying thet Iin such

20t s

b s
e

¢ i gystaz there i mever any oomfusion at the festino®ism as 3o whiech sigal
{of 2 incon class of signzls) uas exitted by the transmitter, This, of course,

o

sent, Yot only that oo oonfusion ean arise as (o Ghat signal wes seat.

YT

Ths word *‘diecreis’ refers Lo the nature of the information soures,

P —

and 1% dessribes a souree ¥hich generaies mesmages by Lemporally ordered

DA T PR et e g

eacmances of seicciicens from a Zinite set of possizis cioices, Tous, the ,‘
i dimtecasein&:ﬂasamtwtaf!&ﬁhrmmicaﬁm,su&&@ f
t = selections mads 2w an alr*sbat Lo generste words and sententes. Euxt the
’ é sontinoes bamdad funetiong on the intervai O €0 13 we bave cxtiined thxt

L

D Sl

3.1 Gammmst Capastiy
i In sy coxemyication systes the frarsmiiter is s2 ciossa &8 W
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mici the scuree o the coarmel. Signals emansting frox the tranewiticr,
which xre 2gsumed t0 be in ona-to-one correspondsnce with the selsciicns
m&ehytﬁesm, v mrepeagsted elong the chamel, is far a5 ihis commniza-
tion pocese is concernec. the relesvant effect of the phrrsical characteristies
cf tha chamn>l 15 $o dolo —ine how many dfferent sipgnals czn be irsasmitied
crer 1t in a given space <2 tize, RHoughly, this e vhat we moan by the
cepaciiy of the channel. Formally, lst 5({7) dencis iis nxPer of differeat
Siomzlis chisk catlisfe the foiloving three properiies:

i. oach sigzel can be exiited by the treaswiiier &s 3 resull of
seiecticns 7 the sorres,

i, 2anh sigsal is adwmissibls om te shawme!l, i.e., each signs] is
coepetible with the physical charzcteristics of the channel,
and iil. each sigal is of durstion T {ims wnits.

Fran the discussion of sectiom I,2.3, it is suggrsied {though by

ne »eans proved) i3t if sack of these K{T} zigmals wers squslly likely thes
ttar:-‘io‘—ﬁ*ibeiﬁgzﬂf?}%i%s of inforeaiion per siZsl of dGorsidoa I Woe
ey, X 'zagzw{?}
o(T) =
¥

bits per sicmal per unit ¢ims. Sow, since it im plaaidle to swpase that
mevisme information is transmitiea when each signsl is sgually likely, and
sinse we bawe taker N{T) %= e the largest number of differemi signals whien
o e Ereasmiticed over the channel in T tinme wnits, i is thersfae reascmadle

o soppose that C{T) is spprudmatddy the maximom rember of bits of infore=rtion

]
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per signsl treansaditible owver the channel in sus 43w wnit, Sires ihere
can ba ouly one signal on the chammel at a time, C(T) is spprocimataly ide
meximm rember of bits which can bs handled by ihs chammel im =it tirm,
The =rproxtmation wiil tend 5 e beller the lzrper we take T, so we 2re
led to define ilc ceracity C of the chammel to be:

C = Un o{T) = iim g H(T)
T T

T

For any precticzl application of this cooeept the irick is to
determine L{7) “rom the phy=ical cdarecteristics of the chanmel or from agy
theorens we nay derive which imvalwe C. In the next section we shall discuwss
any imvcrtant srawpls of the first procedurs, and later, in sectics: I.3.7,
we ebell sresent a thecrem which has been uscd to approxizeis C empdrieally.

2.2 & Special Case of Chammel Capacity

prY4

e DY - ]

- - - »
For the =amen. e Suaii rosrist oore

alwes t0 a snecial clane of

; trancadtier-chmmel combanstion whick, pesaibiy; is best {llusireted by ihe
f fariliar case of the dot-dest telepraphy code. Ue soppoce WX at any instant
; thore either i or ig not 2 gignal on the wire commecting the traasmitter to
g the receliver. A dobt will bc represonted by one time vmdt of signmal and cne
z tt.ne unit of no signal, &2 s dech by three units of signed followed by one
§

i unit of no signai. Detween letiers we ziice three units «f no sgignal and

| batween Tords six units of no signal. Prodlen: compute tis chamnel eapacity,
, L4
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Lat us define %wc different stater for this system which we ahiail
call & and a. The system is irn state & tollowing either a letter or a
word space, and it is in state a, following either a dot or a dash, Since a
word or letter space can naver foiicw either & word or letter spece, we kno«
that the asxb sigasl after the systam is Lnstatéalmstbeadctaradash,
and that the next state must therefore be a3 howaver, when the sysivem is
in state &, it can be followsd by any of the four possibilities and sc by
sither state o) or 2, This is 41iustrated schematicaily in Fig 3.

We are now in a position

to generalira this in & natural man- . :
T NN

ner % a system heving m poasible states il

Q. a

313 32; eaes® and B posaible Sigl.ln-“’a !

m - Aa
: ACE.
| sl, 32’“"5“9 When the system is in '\!L“le——-/ \_,_,J

NEETTR SPARE ___~

At A BTV SRR SRV 81 ik 24597 161 BB A 1A o -

eriate 2, thon only # certain subset of
the signils may ariae; let S_ denoic 2

PRI T P AR T T

tyoicel eme. We suppose thet 2, end the

Fig. 32

admiseibia S . together datsrmine what the next state v;ill ba. TLat us denoto
! : 8
it s,. For all such possible triples {1,8,3) 1let by4 denote the time dura-

th

» o

tion or the 8™ symbol., Ubviously certzin of the combinations cannot ariss,

v bt s

©.8e, in the telegraphy case the triple (s, word spacs, 32) iz not admissidble
{ses Fig. 3). On the cther hand, {4, dach, a,) is admissivle and its b value
is four time units.

16 channel capacity of this syetem can be shown [87] to ve given

o
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In the telegraphy case, the graph of Tig. 3 can be put in the
foillowing matrix forms

Hext State

W

82

Stats

&ztlatmcr dot or dash

TG STIce

From this we soe thgt ks Joteominental equaticn reads

[}

| 2

‘ =0 =3 [219-1.'5-"6-&5_%;3-3'281,
[v3:9% w2evba w0 3

T e

Soiving for- W and computing logz-"fG we fini thet C = 0,537 tits per mit time.
e w1l e 3314 2hovt charrel capacity beltre we mre dong, bul

first it is povessarv to discuss trhe sowrce znd to davelop & sultsble mezsurs
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for the sverage informztion pensrated by any dscrete sowres,

3.3 Tha Dipcrets Source

i» ve have z3id, we ssyume that there is a sowree which rakes selec-
tions (with repizcement) from a finite sot of eleme~is and that mecasges ars
goneratad kx tomorallyr ordeared aslactions from this set, The sitmation we

have in mind is analogous to the wxy we form Inglish senterces by GrGored
selections of lstters, blonks, #ni junctoetion marks.

A moewnt’s refleciion sdout Engiish will sugpeet two imporiant

i. thers is no re=zson 42 gupposo that the probsbdlity it o=
srebol will be selected is the same &5 that for mmother 1: the latier
tgt is moch lsss frsguaantly used I English than iz fe,t

ijie. 3In panera), the choice of cne syEbsl Iin the middlie of 2 mspsaew
w11l not be indevendent of irs preceding cdolcesr while ia? hax 2 Wigh z vriord
provgtbility of being chosen, the prcbability is mariediy recduced if the lstler=
isutoncid’ hawe aireedy been recaivod and it is marimdiy incressed if the
letiers tautomobil® have Tsen receiwved,

Thile most hasar sources produce an anterdspendence boiwesn symbel
selsciians ~ =2%em called irtersymbol influences - there are sooe cases of
indspendance, suoch 85 the trznsmission of random mumbers or of &= wmomectad
st of telepions musbers. In the next section we shali amaiyse the cass aof
indspendert selactioms and in sedtion I.3.4 the mors cosplicated cagse where
there are dependenclss.

Te dnal with thees problem:z of syrouis s=locled with differert

""I*I-"lm
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frequencies ard of the interdaopendence of syrbol selectiom, wo shall cbviously
wvant to iniroduce probebiiily distributioms over tke setl of symbols, For this
to make sense, we shall hove 10 asmme that the sorrce is bomgencous in
time. =c that its statistical character -~ msaswred Yy any statistical pare-
reter we chocse - 4= the same at oo tine as at oy other ¢ime, Suich a sowrce
35 said to be stationary and ths time series (of syxbol selectioms) is ealled
s stationary time series, This sssumption is essential to the theorys it is
GBS which soi=c plametble for manv sorees and not for others {we shail returm
to thiz in part II oo applicatiomsz). In most cases, bowover, it is quite
Sifricult to ascure cosselfl that & source is statiomarv; the rroblem is very
eclossly related to the difficulty in deciding vnether 2 purticdar fini%e sso
of ombers can be considered s typical sample fronaranion sequence, The
ermdition scrwen,. however, ic provent ve from considsring se one souree the
liew Yook Timss Orem= tise 5 to time T and Ixvestia from time T tc time T7,
for the statistiesl strecturs of mess=ges in theze two time intervais will
certziniy be cifferent - indeed, some of the symbols will) differ,

Azsuring & stationary scurece S, we nxy oow introduce a 1ittie
necessary notation. Ha iet p(i) demcte the probsb{lity that sy=bol ieS
will be selected and p{i,j) ihe probabilify that symbols i and je5 wiii be
sclected in the order 1 and then §. I gescersl; pl4,3) 7 plj,i) {consider,
for exaple, qQ and u iz T=slish), Ingemral,ifil,iz,e...ikz’:ma‘
sequense of symOiS, Pliysij....ply. denotes the probability of its oceur-
remes .,

The selsction of sTmbols ¥s s~id 12 be indspendent if for evwr k

.
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and every pisainie sequence 11’12'""'ik

{ Pliysisseeesd, ) = i, pld, Jes opiyy ).
Beloeo twrming to ide anmaiysis of the case ¢f independemt saloctions,
ic my be of Interest 6 indicate scee of The effects of varicuns asswssd

statisticsd dupendenciss. He shall peesert the culpst sororsied froe a
source uiich takes into ecccunt some (but not 211) of the statiszical structure
of Bngiish. PiTsh, suppose thet seizsilonw anws indspsedont bul w21tk the

A G A IR N e PN

simle froguencies of Tnglish toxt. Using these frequencies abd & tahls of
3 rendes pumbers, Staonon (07 genersied

OCRO BLY RGJR IMOERTIS EU I NEUESEEIR T8 SEI AIOFRITITA
O0BTTVA FER ERL

] If, hovaver, one aimits intersymbol influemce, one mxy, for sx=mple, generzle
= nmessage in which ssch selsctiion depends on the two precading anes. Using
sach dats for Bnelish. Shannon generated

I @0 IST IAT WHEY GRATYICT FROURE BIRS GROCID POIRENGE OF
IEESTURES OF THE REPTAGIN IS ROCDACTITIR OF CHE
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3.5 Information Measwrs for Independent Selactioms
Izt us agsume fer the present ihat messages are genersted by in-
dependent selscticas from 2 discrete source. Ststisticaily, then. the scurce
is complzisly characterised by ihs p-chability distridutinn
P = }ip{2); p{2)sc.e,plmdl}

empviors i bawe s

L o I

1. The greatsr eass the $yoisn. fwwl Iz 4TTing the second passage as against the
2955 is interestinog i tMe commectica.
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of sy=hal selcciisn cver the n symbels of the sowee S, The problen is to
assign s ounder to the source; 3.=,, %o the prcbatility distridution P,

whizh ws fz51 is a suitable maacsure of the aversge amcunt of information

per symbol in S. There are at ieast fowr ways W get to an answer (fortumately
the same answer), and =inee eack revesis smething of the stroctme of the

O i

7roblom and since the resulting statistic iz of such grest ioporisnce, we
| shall present ail four.

Yhat we vant is a2 Nmcticn which sssigns 2 nunber to each probebility
At stributica; we ney denote 13 by B = Hip{1l), p{2) ses.. pinjj.

T™he firsi procadare, wiich is heurisiis and easily remembered, rests
g mmmmwdmml.?dmtummzmaﬂf equally
) 1ively siternatives, then 2 zxitahle measure of the amoast of information de
o | ¥ = logn. Let us extend this defimition to n equaliy likely altermstives
vbazenbmwzwin‘am,i.s.,ﬁs!ﬂlmt@mbgznbﬁspﬁ
selaction from axong n sJeally iikely ssiections, low, 1f we consider agy
event of probability p = 1/2, then we may ireat this event as coe amcng n
equally likely altermailvss and so e informstion imvolved in ite selection

O MR € IR SR RT SR o S R 10 skl B WORR S (RS O] A A 160 3 o e )i Wi 5

is

o

- l

mgza'-‘lc-gg s-lcaz‘;-z
m,emidnmemtﬁmmwp(mmmtbamimlof
sn intsgser): L is plamsible to extend the above defimiiions further and to zay

s

s

that slcgzpbitsofmformtimmmtudbythewofms

svent of probability p, Tims, for ths given sowres S, ihs srlectiom of symdal 31,

B3 0 RS e R

.

¢ which occas with prelasility pii), Wansmits -logzp(u pilts = izmfarm=tisc.
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We =ee that this hes iha very ressonabls mroperty that an coccurrence of &
very rare evst trensmits a great de:zl of Iinformatiom asd an event with
probability pear 1 transmits almoet no informstion. On the averups, howewer,

the momt of inforwation transuitiod is the expecied i 2 a singls sslace

ticn from the scarcs, 1.e.,

n
He =32 p(i)lngzp(_i} Bidsfmrmbal,
=1

The ashove expressiss is witbout a doubt ihe best knowa aspect aof
infermation theory, and thmvw e ressons Vo beiisve st Uhis sgosssism
has dlinded zome to the content of the theary. I is, of courss, noiling
mre or lass than s statistical paremeter dofined Zuxr &1l distributions
&nd ome =hich is siwtliar to the variance; it dbieins —saniay and wvalns §in
oniy two ways: first, &8 1t is given s ==saing i= & Loeci7, and sscond, as
it becomss 2 correnticnally accenbsd way of sc===Ixing certain phencmena,
Shamnon caiisd H the emtrupy of the sowrss (or wars properly of the distribu-

S s B ot o ey > B — s T -t S y TP ——
SILN SIEISRTISTISANE wit SFRIEU3 ;) Loecase 1 9.,...""'""‘"«...5..-..“"‘ axisas in

statisticel mechanics ani is called entropy thers. There bas been ccansidar-
ghle controversy az to wlether thiz is oniy a foremel sinilarity, or whelher
pigsice) entropy and infarmation are o closely reisxted pheoomena. Tz is
& point requiring careful and scphisticated discussion and 2z rather Geeper
Imowladpe of pipsics than we can &zzmc here. Certaln axihors have boen
displeased with the tern “enfvopy' and itey have used ilerss such a3 the
feecrwt of Informaticn’ or the 'informxtion,® the ‘specificily’
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ard the ‘moeriainty of the source.’ For ias most part, however,'entropy

| 18 ussd, and 20 we shall eepley 1t without commitiing cur=elves to the identity 2
of inforsation and physical entsopy,

The second procedure, which many feel to be the simplest and most

@ alogant, amcunts to & rigorous formmiaticon oFf the firgt one, The technigus

| is o stsis four Antuitively accepteble conditions which mast be wot by &

concept of the Informetion trensmitled wher = gyrbol i is selected. given
taat the & priori probabilily of 1% sclootSen wee rii). From these condi-
ticos we shell derive the eniropy sxpressicn? Ithey are:

1., Ismvievancy assuption, The informetion trensmitiad by 2

et S 0, N

selsction of 1 shall be = res) rusmber which dsceads caly om p{i) and nob |

1 98 955 ind At 40 Meagy

oo the rocbehility dietribution over the other syzmbola, Thue. we zay denote ¢
the infermation trenswitied by fip{il).
2. Contimuity ssswpiicn. IS{pli)) siall b a contiruous funciion

?

s piL); Zoo a ves: meall changs in pl{i} sbouid result in «ily a amalii change

5w v NG S peae e
SR P

BE

2. AdBiivity assmmition, If two indspenoent selectionsi anl §

nomd

: with probabilities p(2) 2=3 pJ) zre effected. then ths information trans-
' atted 4n the Joint salesiicn (1,3}, which bas probabiiity p(s)p(j) of cccar-
ring should be the simple sum of the !nfarmeticn trenszitted by each of the
seiections, 1,%.,

2{pli (1)) = £{p(i}) + {p(3)).

k. Sesie sssaz*ior. In owr discussion of the bit, we said that a

L

il

* seleciion with rrobaltiity 1/2 shall coovey coe bit, 80 we assune

'
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2(1/2) = 1. -

A It foilows easily from 2 $3at t(p;} = :'::r{p} for m and
integers, and so by the continuity assmption #{p*) = xf{p), for &y reel
mmber x. Any walue of p can be written in the form  (1/2)%, 1.e., 28
-logp = = Butdyk, f{(12F) =x, 80 2p)=2{{z2f ex = - logp.

The evpacted valums of ibe informaticn traveriited by & source with
probability dsicibution p{i) is therefore

-2 plilogp(1).

i=3

4 third sethod to octain ths zboys zapression, whish is dos %o
Shamnony {871, 43 si=ilar 20 ths 125t ome exespt tiad % dsals with the whols
éztribation 2t ooz, TS peocsdre is i stalr 2 series of foar 2 priorl
and Iriniiive coniiiicos waleh it is fsit wast bo wet by sy mesawre of ks
orerage et &F Informaticn per syaoel in the sooroe,

1. T7he sverage Informstion trussssitiesd shall be 8 real-salusd
funcidom o iho n srgumentand{1 3n{2} ,,.., pin), which we shall denste by
2lp(1}p{2} ;...; pladie

Baxt, it secss reastocabie, as in the second nethod; {0 suppoes
thet it wo were to ciharpge the distribution very slightly, theas & stould aleo
change only slightly, so we require that

2. E _oall be & zoniinnous funclion in each of its n argsents,.

Parther, scppose ¥o comsider all courcez for whicsk the gymbols are
equally likelr, 1.e., p{1) = 1/n. A5 n i1s incressed there is mure inforwation
tranzmitiec by the eslecticm of are sy=ucl since move messages of a riven

i e o i it e ]

i R D R s B

T oy

L )

e e

N g 0 SRR G LML Yy TR, e o

o T a1




S v v wr = T e e e e e ettt

T emen, LR,

28w

o)

length are possible, 80 we require i

i 3, Vhen p(1) =1/n for all i, ihien H is a monotonically increasing
function of n.

Finally, we wish to require that if the calculation o) the amcunt :

of infornation in a source is divided into a gories of subealeulations ihen

D Bpaaant & ot )¢ k-4 o0

the mode of subdivision shail not alter its value, liore exactly, suppose S!

is a subset of S (which by relabeling we may always take to be the elements

Pt it

1,2,...58). The sot S! ean. of courss, be treated as a single element 8!
with probability of occurrence
pls') = p(1) + p(2)+ oo + p(s)0

If H is known we can coampute it for S, for the set with elements =%, 8+l seeey By

and for the set S!' alone, Cur condition asserts that the first nunber shall

e USR] e

I e R 200 b &

be zqual to the weighted sum of the last two, i.e.,

ho H[p(l)p p(2)’-oo’p(n)j - H[p(sl))p(a*l))o-o,?(r—«\‘} |

+p(8|)ﬂ [&l’ I".a‘gz,...,&(fl-‘

pls?) pls')  pls*)j

e SR |7 e o

K Cn

-

From ti- e four conditions, each of which seems to be necessary,

g . ol ) WS Y7 W

Shannon has sheam; in a2 manner net unlike that employed in the second method,

| that H must be of the form

Srmin § o e 8 M

% ¢ p(i)log p(i)-

i

L -]

i
If wo choose tee scale constant to be 1 and if we take the logaritim to the
base 2, then the binary equally likely case has a value of 1 (as 1t should %o

‘. ( be one bit), and we arrive cnce azain a¢ the entropy exprussion

{
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H = - Zp(1Jlog,pl1l.

Before we discuss any of the properties of H and relate it to the
other quantity -~ channel ecaopacity = which we have defined, we shall arrive
at the expreseion for H from the fourth point of view, The following argument
is given by Fano [i}] and it is simiiar to one by Shannon [87]. A plausible

wray to compare two different sources is to define a recoding of any source

Nl S0 A s w8

wvhich %akes into acrount the probability distribution of the sonrce and which

a1

Tesulis in one of a set ¢f standard normal forms of sources. If these normal

2 %

forms are such that we can assign a pumber 0 &dch in zn intnitivelw accente
able way, then we have indirectly assigned & number to each aource. Uf course,

the only sources we nave associated any numbers te are the binary equally

C N B

FY N

likel7 oneg, 80 it is mose than rsasonsble that, we should esttempt a recoding

into binary equally Jikely selections,

This may te done in the follcowing manner. Form all possible
messages of length r, i.e., those consisting «f r symbols; and call this
set R, Since the selections are independent, the probabilitiy of each mege-
sage is simply the product of the probsbilities of the individual selections
which make it up, hence we kmow the Trohahility of each message. Thus we

have & probability distribution uver R, Divide R into a subset D 5 and its
complement 'ﬁl with respsct to R in such 2 mannsr that the sum of the prob-
abilities of messages in R, is as naur 1/2 as possible. To each message in
R, assign the digit 1 and to each in ) the digit O. Now, divide R, into a
subse® R, and iic complement K, with respect to Ry (oot R). Azain the choice

2

of R, %2 such that the probability of messages in R2 is as pearly eqgual as

2
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possible tc those in !12. To those messages in R, assign a second diglt 1,
s0 now 11 is assigned to each message in R,. To those in '§2 assign as the
second digit O, se 10 is assigned to each message of ﬁze Garry out a
similar process in ¥, leading to ¢he numbers Ol and 0C. Contimue this
'probabiiity bhalving' until the classes contain single messages. In this
manner each ressage will have assigned to it a sequence of binary digits,
the length of the asguence bLeing in large part determined by the probability
of tne occurrence of the message = the mere probahle messages having fewer
digits.
An example may make the process clearer:
Message Prchability firet. sacond thiréd  fourth
of occurrenco  digit digit digit  digis

0,50

A 1 - - <
R 0.13 0 i 1 -
c 0,12 0 b n -
D 0012 0 0] 1 -
E 0.06 ¢ 0 0 1
F 0.07 o 0 ] o

The first iivisiom is botween g'A} and {5,C,D,E,F} . No further division

of {A} is possibie, and the oiber set we divided into {B,C} and {IL,E,F}.

These in tarn were divided 3= (B} and {C} andas {D} and {E,7} .
The final Mvision is of fE,F} into {£} ana {F}.

Sach & eoding as this is efficient in the semse thxt ths fewest
number of binary digits is assignacl to the most prohable message and the
largest mumber to the least probabie ones, Now, one can asit how many binary

dig ts are required on the average por symbol when mssagss of iesngth r are

——— e — i il b e, £ & e L = e de
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considered, That is, for each msssage we multiply the mumber of digits
required by the probability that the message occurs, sum these products over
al) messages, and divide the sum by the total mumber of eymbols r in the
message. Call this munber H_ . In the above example H, = 2,13/r bits per

} symbol., The lim Hr is a number assigned *o aach discrete source which
| r-yo
both has a plausible meaning and will serve to compare different sources.

Fortunately, it can be shown that

He= }1_&?51_ = - Zp(i)logzp(i).

Taus U7 four (really only three) routes we have come to the same
astatistic as the one which is appropriate to dascribe the average nature of
the source. We can dafend it in two Lfuwrther wayss firsi, by stoting some

of its properties and by showing that thsy are reasonableige a measure of

D A5 ) WA i S 11 B 20 B i N 5 W) 1 SRS SIS VU B SRR Bttt £ =2

information, and secund, by using it to make theorctical siatements sbout

tha tranamissicn of information.

S Y L

3.5 Properties of H

A numoer of theorems aboubt H may bs proved [87]3 as we shall need

“

et ! D A PSPPSR

FICETRPRL Y

them later, 2nd as %thev help to glve a feel for H, we shall state them,.

£ ¢ 4
Ao e

O, =2 % = 0 if and only if all p(i) except one equal zero.

P et i1

by

PYFCOERS PSSR

in other words, the entropy of a distrihmtion is always non-negaiive, sd it

is zero if nnd oxly if tha selscticn of one symbol is certain, Intuitively, l
no informetion is conveyed when the selection is certain, and accordingly ‘
H-0C,

1. The rexirun value of Y 1¢ log.n and this maximun is achisvod
&
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when and oniy whon e2ch p(i) = 1/n.

In wurds, the maximim sverage information transmitted per symbol is logzn
and that maxirmm Gceurs when and only when each of the symbols is equally
Yikely,

It is the above two results which have la2d many authors to speak
of  as ths uncertainty of the source, for H has jts maximm when what we
think of ar imeertainty is 2 maximmum and itz minimm when absolute eartainty
cbtaians,

158, Let any long message of 1] symbols be selected and suppose it
has probahility p of occurring, then logap is an estimator of H.
This last result is, of course, of considerabls importance in estimating
H in practical situations, since in general all thai can be observed Is
one moasage of some long duration. It must be pointed out that shen this

result is given in precise mathematical linpguage, it asserts that 1og2p
N

almost certainly appreaches H as Il approacucs infinity, l.e., the estima-

tion schema is consistent,

3.5 Noneindependent Sclections

So far our discussion of the sosurce has heen restricted to ihs
independent case, which; as wiy polated out, doss not inelude most sources.
Bui our efforts wili nct ba lcet, for fortunately we can readlly carry over
the results for independent scurces tc the non-indepnendent case.

1Je shall congider the selection of cne syrbel from the set

S = {1,2,«.... ,n} foilcvad by a second selection {possibiy ihe next one in

T

T .
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forming a message, but we do not need to restrict curselves to that cassj. liore

fomally, we 1ot x and 7 Us Fandom variables with rangs 3. The joint distribue~

tion of x and ¥ 1=

nown =nd we ghall, for ccovenienca. danocte the probability
that x = i snd y = 3 by p(4,§). In general, of courae, p(i,5) ¥ p(1)p’J) since
the selections need not be independent. Thz distribution p(i,J) is now dslined

cver the parodust space S5xS, but this differs in notation only from the arbitrary

3 ed R Al S i

source we have considerad sarlier, and so our definition of entropy can be
applied withsut alterztion tz the distribution plisl)s So we have as the

entropy of ibe jscint distribuvtion of x,y,

Hix,y) = « Z p{4,3 }logzr“ii,j}‘.
b

»J

LTS -

Similariy, the definition can be applied to the distribution wf the ruadom variable
] x alone and to thet of y alone, and so0 we have

Hx) = = 2 p(:i,;;)leg2 E p{4,8)
iyd 3

v

PR U T

- i p(i)logzp(i)

]

i and B(y) = -53.1 p(4,3)108, f"(i’”

- & p(3 )1og2p(:))
J

vhere p(4) = é:p(i,j) we,  p(J) = ip(iod)a

i
5 L e et b

From these definitions Shannon [87] ncted ihe following theorems

H(x,y) < B(x) + H(y).

This result simply statez that the intwitively desirabla requirement that the

N
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entropy (or uncertainty or information transmitted) of the joint distribution
be no more than the sum of the entropies ia the twoe distributions separately
is fuifilled. In additicn, Shannan showed that

H{x,y) = H(x) + A(y) 4f the events x and v are indspendent, Thus,

s e Ka O & 0l ol Bk AR

whenever there is any internymbol infiusnce in ths selections, isas information
12 tear~mrittad per symbol than if they had bean independsnt.

NS KR el B

If we introduce the conditiomal probabilitizc relating the distribue
tion of y to that of x, further relationships of interesl. caa be established.

We iet p(3]1) denote the conditional probability that y = j given that x = 2

plale) = PWI)
zpli,”

]
Thz =:mditioaal sulzrspy of the rzndcs varlable y given that x = i is defined to

i s anind 3 i 00 el Dubandl b

g

HGIEE) e p(3]1)20g0(3]1).
Hence the axpucied conditiopal entiropy of the random varisbis y given x is

Hly) = - ip(i)z;p(ali)logzp(gli)
j
= - z p(4,3)108,0(51).
1’31’ 9J /108D

H (y) measnres the average uncextainty in the selsciion representsd by 3 after

the seisctior danoted by x 15 known,

Shannon has shown thai

1. This result is readily proved:

Hx)+H(y) = - 2 p(1,3)10g, 2 p(i,3) - & p(isd)loz.‘,‘_?(jli)
4

i:j J i’J

- .12‘;31)(1,3 Nlog, [ ; p(1:3)1 pl3l1)

?

" - F p(igj )jegzp(i’j) = Ei(x’y)o
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i H(x,y) = H(x) + Hx(y Yo

vhich, in words, states that the uncertainty of the joint distribution iz equal

tc ibe uncertainty of ths distribuilon of x added to tisc umcertainily of thal of

y whan the value of x iz mowm. From this and the preceding mssult, thn follow-

ing corollary is reacliiy seen to hold:

: H(y) > B (¥),

: fet., the uncertainty of the distribution of y iz never increased by a knowledge
of x, Ths twn are equal if and only if the two random variables are indspendeut.

- One fin:) coneeptlt: tae ratio of the entrenr of a sowree to s

TUTTI S s VRS 00 AL 0 IV S I b A UL L0 o b e e

maximum entropy possible with the sams set of symbols is a mezsure of ihe informa-
tion transmitting efficiency of the soures - Shannom callad it the yelative
entrory. It is genarally less than one, either because there is & non-uniform

distribution over the symbols or because of e uvu=indspendaice of symbol
selecl.ion or, most commonly, because of both, On» mimiz this quanii |
indicatez the percentage of symbois which, though sent, carsy no information, {

i,0., whtich are redundant, Thue we define the nedmdaner of a source to be

-~

P R R ]

1 - B - 1 o~ -g-_ P
=" "max ¥ 'Iogzn €
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Several ¢stimation protecures indicate that the redundancy of written English

s a ¥ B

ia at ieast 50 per cent isnd very likely nearer 75 per eent (see section II1.2,1).

™o raason for such high redundancy will become apparent later.
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{ 3.7 The Fundamanial Theorem of a Noiseless Sywimii

The result we shall state in this ssciion, whiek 15 dus to Shannon
{571, shows in effect that ilis shcvs dafinition of channel capacity and of
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; sourcs entropy or uncertainty are suitabis formalizations of our intuitions

about ths linitaticns on information transmission.

Theoremns Lat the entropy of & source be H bits per symbol and the capacity
I

of a noiseless channel be C bits per second. For any pesitive meber ¢, no

matter how srall, thare exists a coding of the output of the source, i.e.;

there axists a transmitter such thst it is poesible to transmit at an average

rate of § - ¢ sybols per wecond. It is nct possible to devise & cods g0 a8

to transmit at an average rate of more thun C/H gymbels per second.

Thsre are thres points vhich should ba mads sbout this heurenm.

First, it mat be kept in mind thut the dafinition of the entropy of & source
resta only on the statistical ctructure cf the source, and it does not in a=F

way depend o5 the proparties of 2hC Shzamwl, Alseo, the capacity of the channei

depends only on channel rranertiss zad not at ali on the sowes, The theorem

asgerts that these definitions have, howerer, been so chosen tiat the ratio
G/ 18 the least upper bowsd of iho transmission rate. ,'
Second, the code which the thaorem assertc to exist ias. of eocurse,

infivenced by how smail we take e. It & is near C/H then nearly any code will

DRy pRRTE PR &

do, but as & approathes O fever and fewer 2cdes will producs a rate cfgee.

But the thecrem assexrts that there will aiwsys ts at least one. A mrjor umeuived

P
IRae———e T OB R b

are cvos. Bamd

problen of information theory is to devise a “heorem which dascribes such a

| code in cetail for given values of C, H, snd &5 the above thcorem only asserts
: that such a cods exists.

Third, such optimal use of the chunnel as described in the thsorea
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is not effected without puyingc 2ome prics. The price is delay. I one is
to code a message optimally when there are interspmbol influences, then it
is necessary to waii bvefore transmission to see wmt that influesne is and
make use of it in the coding. thus effecting a delay in the transrission.
’ Similarly, at tho receiver, the translation into tie language of Lh» destina-
jl tion must be delzxyed in exastly the same way, for a sinzle received symbol
will have meaning only by its relation to a nuber of others. In oractical

engineering work a compromise is reached between long delays (and hencs
expsnsive storage equipment) and less than optimal use of tihe channsl,
The theorem mey Lo fooast in & slightly different form, which may
help clarify it and which wiili be uvseiul when we study the noisy systam, Let 1
! B dencts the average rate at which symbols awe tranamitied oysr the chanmnel ;

vher. 2 ziven code i= used. The thsoram then aseerts that%;ﬂandthattm

t codes such that the corresponding R is axrbitrarily close tc C/H. If we
rewrite this as C > HR and then maxinmige Lotk sides 5;ith respect to all possivie
codes we have

[TT ")

PRI

C = max C = mez (HR),
codss codes

Tt is coaventional, though misleadine, simply to replace an inm the above

3
¢ a0t

expression by H. Previously, the entrcpy of a scurcs was measured in 'bits pex
symbol, ! but for this purpose we measwre the entropy of iha source (and transmite

P L IO

ter combinzticn) in 'bits per symbol! times ‘eyrbols per seeond.'! 1.e., in
'bits per second! transmitted. The theorcm them auseris that the chanmel i
capacity is equal to the maximm number of bits pear sscond which ean be trensmit-

4 ———— o o
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t8d by the source-tranamitter combination over the chemmel, It is this farm,
and the corresponding form for noisy systems, iz whioh the fundamental theorem
has been umsd in behavioral spplicaticns,

Lo The Diseretc Nolsy Sygtenm

As in ths preceding sectdcn we shall suppose that the acuroe is
discrete, but we shall drop thc condition of a noiseless system,
Lol Bgaivoontion and Charnel Cspacity

The significant effect of noise in & system, as we poimted out in

section I,2.2, iz to cruse ths destination to Helieve sanetimss that a different
symbnl was transmitted fros that which actually was. Any other p’:vpertd.ea.
e noime may have are irrelevant to this thsory of information transmission.

Thus, if we assume that both the sigmal and the neige time series are stationary,

then the noise is completely characterized by the matrix of conditional prot-
abilities p(3|1, which state the prouarility thet cyzhoel j i3 received when i

s Y PR 1

wvas sent. Fermally, thiz situation is ideniical to the case of non-indspendsat

bowy ¥ L e

selections: ir that case we interprvtad § 22 a gelection follewing i, lmere

(ot -

we shall inter;rst 3 as the selscticn roecived at the deétination vhen i vas

N

actully seles’ed at the souwrce.

oot pions

T™e quantities H(x), H(y), H(x,y), and Hx(zr) are defined as beioru.

M(x:) is the entropy of the source distribution, H(y) the entropy of the destina-
ticn distzibution, H(x,7) the entropy of the joint distribution of x and y;
Hy(x‘ neasures the average smbiguity iZn the signal sent given ths raceived
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signal, while Hz{y) measures the aversge ambiguity of the received signal, j
Vhen we sre considering noise, Hy(x) is ealled tie equivoeation.

If a system is noisclens, thien Hx(y) == Ey(z) and so H{x) = H{y).

Lat us suppose thet 213 {iL. entrepies ars qalculated in bits/sec,
rather than bite/symbol, then the effastive everage rats of tranmmission, R,

R A ) LA v X e M 2

(4in bits/sec) is tie average rate of Informabtion sent, M(x), minus that which
was lost as o result of the noise, H: r(x)‘

R = Hix) -By(x).
Thin can easily be shan t6 be oqual ¢ 4wo sther expressions, ths first of
which atates that the rate of tranemission is the difference betwsen whal
was received and what waes received incorrect)y. In symbols,

R = H(y) - HU(y)

« B(x) + H(y) - H(x,y).

The notion of rate of tranmmission for the noisy case is analogous

to that introduced for the moiseless case in tie last statcment of the funda-

mental thcorem of the noiseless case (section I.3.7), and it suggests that one

way to dafine channei esznaeity in the noigy cass ig a3 fcollows:

C = max {Hf(x) -Hv(x) Je
codes °

By the theorem of section I.3.7, this definition reduces to that of channel
capacity in the roiseless casa since Hy(x) = O, However, it does not
rediece directly to the definition of chammel canmeite ez given iz sectiom
Y.3.l; but at the end of the next nection we shall present a theorem which
shows that there is au analogous, though mors somplicated, definition for the

noisy case, ‘.
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h.2 Theorems

Consider the comm:nication system diagrammed in Fig. L.

s W

Correction Data

i § ) Bl A2 B G

wd Rsceim}_m\cmva Hngatimt:m.x
a AL T

P ]

Figurs L

There is assumed %c bs an observer who is abl: to perceive both the selections

mada by the source and the corresponding signials received at the receiwur,

o e e ey

Let us suppcse that e equivocation due to nolse is Hv(x), then if theze is
J

s £ 0 2 38 60 T S S 40 i b

a noiseless corvection channsi from the observer to the destination with

capacity H y(::) bits/sec, it can be shown [87] that it is possible %o encode

b o il b akyy

corraction data in such a manner as to ccrrect all but an arbitrarily smali

s P

fraction of the errors due to the noise. This is impessible to de If the

Lo

channe) eapacity of the correction channel is lsss wsan Hv(x). t/hile this thsorem
4s of some theoretical interes:, it is certainly not a praciical schems to
combat noise, Ve tumm, therefore, {0 a comsiderstion of cumwunicailon systemy

in the sense of ssction I. 2.1.

e o e o’ b et 30

The following result, duc to Shannon [87), is the Aundamental
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theoren of the nolsy case:

Theorem: Let the entroor of a source be H bits per second and the capacity

of the chennel T bits per second, If i < C, then there exists a coding acheme

3 5008 6 M) 6 PRI Saspas- sy =m=

i such that the output of this source can be tranemitted over Lhe channel with
an sxbitrarily small frequancy of errczs. If B > C, it is possible to reduse

the equivocation tc as nsar H ~ C as one chocses, but it is not possible tc

reduce 3t below H « Co

MelB1lan's comments on this result seem to be worth repetition:
“Pngineering experiénce has been that the presence in the chunrel

of perturbation. rnotse. in the enginser's language, always degrades the exacti-

AR bl 5 1 R 5

iRl TR

tuds of transmission. {(Ths theorem] above leads us Lo cxpect thal this need

-

rot always be the cage; that pexrfect transmission can sometimss be achieved
in spite of noisa. This praciical comcluation runs so counter to neive experience

that it has teen prilicly challenged or occasion, What is overlooked by the
challengere is, of sourss,; that ‘perfoct transmicsion! is hore def'ined quanti-

A e | LA e e i s
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tatively in torms of the capabilitios of the channel or medium, perfection

%
o

~ee

it 2an be possible only when transmission proceeds at a slow anough rate. Uhen

s 0 et gt

it is pointed out thst merely by repoating each message suffiiciently often one
s2n achievs virtually perfect transmission at a very slcw rate, the challenger

usually withdraws. In doing so, however, he is again misled, for in most caces

PP IR L

tn~ device of repeating messages for accuracy doez nct by any means exploit

the actuzi ecapaciiy of the channel.

"Historieally, engineers have always faced the problem of bulk in

~
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g their messages, that is, the problem of transmitiing rapidly or efficiently %
E in ordsr to make a given facility as useful ss possible. The problem of aoise 3
% has also plagued them, and in many contexts it wes realized that soms kind of 3
exchange was possible, for example, noise could be eliminated by slower or 3

legs 'efficient? transmisasion., Shannon's theoren has given a general and 'j!:

precise statement of the asymptotinr manrcs 1= which this exchange takes i

|

place." [I-‘*- 207, 63]
Ho goas on to pcint ou’ the similaritr in the exchange betwsen

bnik =i poise and the mather sonors! gwohange hotween sarmle sise and pover

rve o e
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in statistiecal tests,
While the smimple repetition of a measage is not genesrally a suitable
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wvay to use the chammel capacity to eliminate =rrurs, some form of redundant
tranmeisaion = vequired, In general it will bs far more complicated than

ARSI

repetition, but as with zepatition a delay in the :ccoption of & message must

result, The ezsential point of the theorem is that the delay need no¥ be such

- o7t
By
..'F’"-f?"q:,'-.‘ :

&8 to reduce the rate of transmissica tc sers, as might be thought to be the

ansa, The proof of tha theoram is no’ construeiive and so there is no indiea=

tlon of what code to use in cseder to uiilige the channsl capecity fully.
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i it Shanzen writes, fretably this 4s no aceident but is related to the difficulty

* %n of giving an explicit comstruction for a good spproximstion to a random

E gi; gsoquence." {p. 13, 88]  Much recen!: (engineering) work in infermation theory
i J‘;“»“ : nhas been davoted to finding near optimai codes for certain important special

i s cases,

i . The fundamental theorem of the noisy case may be recast in a form

i
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which showa the relation of the present dafinition of capacity v Wt glven
Ior the noiselens cags. Lot q be a number such that 0 < Q< 1. Comsider

a1l possible signals of duration T time units which might be transmitted over
e channel and let S denote a typical subset of these signals, Under the
agsumption that each signsl of S is equally probable, let a xeceivesr b dosipned
which 3z to select from S the most probable element as the caume of the signal
lot p(S) denote
nade when the subset

iv receives, It iz clear that in general errors will be made;
the probabiiity that an incoricct intarpretetion will L
is 5, Consider now all thoee subssts S such that p(S) < q. Among these sots
there is one which containsg tha most signals. let that number be denoted by
ii{Teq). Shannon [87] then showed that

logzl‘i("r,q)

C = 1lim

Ty 0 T

Al |

which iz clearly analogous to the originmal defirition of chamrel capscity Zf==
the noiseiess case, It is remarkable that this result is independant of the
vaiue of q. Fresumably, however, the rate of convergenca of ths iimii iy act
indepandent of q, and so in eny application of the theorem attempts should be

nadz o exploit the freedom in choosizg Q.

i3 Channel Capacity Independent Sslectians

Shannon showel that if one assumes that the seleciions at the source

of a Holey Systems

are independeni, then the capacity of the charnel iz given by the iranscendental

equation
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It 4c diffienlit. if not impossible, to see the dapendenco of charnel capasity
on tbs noige matrix frem thiz equation, bub, of sourse, in any given case one
can sclve nmumerieally for C, However, if we can asaume +hat the noise bas thes

sams diaturbing sffsct om each symbol of the source, f.e., il

Z p(3leh0s,p(al8) = Z p(3lxNogyp(sl)

for ali 1 and ¥, then it can be showm [15] that

= logn - B(ylx).

In the special case of 2 binary source {tut slozents) and noise
such that the probability of an erronsous transmission is a, then the capacity
is given by ‘

C=1+aloga + (1ajiog,{i-al
It is easy to maks interesting calculstions using tbic last expressioqa. For
example; if we take the probabiijsvy of making an error to be 1 per ceiiv, then
the chammel capacity is reduced to spproximately 90 per cemt af ivs value in
the sksence of noiss, This marked nup-linearily must be kept in mind whenever

thinking about the effects af noise,
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S, Some Aspects of Discrete Theory Relsted to Applications

5.1 Inverse Precbabilities, Bayes Theorem, Contingency Tables
As we shall soe in some deteil in Part IT,many of the applications

of information ihsory in perchoingy ara to problems not classically described
s#g commnication problems., Imdeed, thsy arc commmmiegtion problams only in
the sense that any expsriment, or any decision, can be trcated as a transmission
of information. It is probally more frujtful 4c remark that in the atiempt to
anslyze communication eretome s mathematical Pformnlism has been produced which
ecan B: completely divorced from its realizsiion as a eommuniecatior. system. At
the same time, there are othor reslizeiicns of the same mathometical systom
in psychology. Bucanse of its origins, howsver, the informaticn terminelexy
is asrociated with the mathematics and g0 with ary applications whieh are mads.
Scma of this voeehvlarse maw saom nsculisr 4n s applicaticns. but it is
probably not as misloading as it mey initlally swam. In this section, we propose
to digcuss, butf, divorced from the eccmmunication model, & part of the formalism
vhich hee been partisunle=rly imnertant in psychologicel applications. We sghall
relate the rate of information truusmission to Bayes theorem, we shaii genarallsns
the notion of rate of trausmission, and we gshall discuss the stotistical sampling
and significsnce problems,

Taa structure of very many problems in psychology and in the other
behavioral sciences reduces to the existence of two classes of possible oceur=
rences, often called stimuli and resnnnces, such that ar occvrrence in the

response class is in some degree dependent on what stimuli occurred, It is

TR, m
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nct easy to characterize in a usaiul and simple way the mslation between these
two classes of occurrences. It is. of course, pcasgible to present the whole
materix of joint probabilities p(4,)). f.e., to give the entire contingency
table, but this can hardly be called simple. Various measures of contingency
have been promosed and used, bubt objcotions have been raised to these. Another
possibility, and one which certainly has found favor among some psychologistsa,
3s the entropy neasure. The expression most ~fien used 1s
R = H{x) + H(y) - &x,7),
which, when the extrories are measured in bits/ssc, was called the rate of
information transmission (section I.h.1). liore often tha~ nut In the poycho-
logiss? spplications time does not enter in a natural manner and it iz mors
appropriats tv treat the stixmli and the responses as static and to msasurs
entropies in bits. In that casc the fellowing notation is employed:
Txsy) = H(x) + d(y) - H(x,5)
= H(x) - Hy(x)
= Hiy) - 5 (z),
and the quantity T{xjy) is simply called the information transmiiied from the

stimiiue to the respimse, It iz a quantity vhich 4s O when the random variablas

=z and y are statistically independent end it i3 a maxirum when they are in

one~to=-one correspondence, l.e., when a knowledge of the value of X uniguely
determinug the value of y. In other wcrds, T is a measure of the contingency

...__.‘ 4
uunmw!
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% between x and yo f
- Note that in this interpretation of the fsxmalism the role of the

| %

i‘ ‘ humen beinsg has shanged: DPreoviously, we had thoaght of the source and the
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: '* ! destination as people and the chamnel as 2 paysical entity, In most behavioral
; appiications, the atimuli correspond to the sourcs and the responzes to the

destination; the subject {5 treated ez a uvlsy channel ecaveing lesz than
pexrfect correcpondence betzreen tho sgtimuli and the responses.

Anothsr way +o thinik sbout the problem of the relsiicn betwsen the
two random variables x and y is in terms of reconntwmeting the vaiuve of x as
LS well as poselble from s krowledge of the wrlue of ¥ This i3, of course, the
proolerm of inverse prodzbilities wiiich has had a tong hlstory in statistiecal

theory, and Bayes theorem is cne of the most famcus results. Ve may think

of it ir. the following form: There arc n possibie anderlying states of natwre;
4 ® 1,2,...,n, which are imowm 2 priorl to bave a probability p(i) of ocewring.

s suppose an cxpariment is performed with possibie oulcomzs J = L2p000yMy
whoms outeome depends acmswhal, on which giats cbtadum, Let = be 2 random
variable with range the states of nature and disiribuisd ascording to pl(i)
and vy a randon variable with range the experfummtal cvhcomss. TFurther, leb us
assume a8 known the conditional probatilities, p(:ifi), thet y = J when x = i,
Ths problem then is to estimate the probabliliity x = 1 when the owisome of
the experiment is imown, i.e., when y = 3§ is given.

Cherry describes the =nalegy tu the nolsy cowmmication system &s
M,,. an observer recelves the distorted output sign:ls (%Lhe posterior datas.c)

©rei which he atiempte to rscerstruct the input Zignalis (t23 hypotheses),

knowing only the language statisties {%the prier de%ej.®  Ip. 39, 8]

‘ i It is well kn-wm ihat Bayews “hesrem veurs

(" p(ils) = é!.‘)g(:{')—' o
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If one tikes logarithms on both sides of this equation, rultipiies ths rasult
by p(i,3J); =nd thex sums on both 1 and J, the result is simply

(=) - B (x) = Hy) - B {y)
1.e.y the infoumaticn trausmitted from x to y.

5.2 Multivariate Theory

Suppose we are analyzing a stimulus-response sltuaticnm by infarmation
theoretical technig:es, foen the basic squation we have developed.

H(y) = E_(y) + T(x37),
decomposes an average measure of the response pattern into one part, T(x3y),
vhich iz determined by the stirmlus plus another, Hx(y), which i5 unevplained
ixzndom! warlation, But it may wary well happen that » ecasiderzble portion
of the rcsidue Hx(y) can be explainsd in a systematic manner, though not in
terms of the experimental stimulus which hss 30 far been cocnsidered. For
exarple, consider an gxpesrizient in which subjects are reguiz=d o classify
tonas which are very near threshold into one of n categories. it may very
well happen that the aubject's regponse is only determined in small part br
the tome presented, but that in larpe part it is predictavie fsom 2 lmouledge
of his previous response, even if we do not know the stimulus. In sucih a case,
41t may be not cnly sppropriate but essential that we consicler as the stimulus
the pair of random vsriables {u,v) where u hes the possible tones as its range
and v the poasible previous vesponse of the subject. In cther words, in some

cases we may be able %5 undarstend the pnenomena adequavely oaly if we treat

as the stimulve & random variable with 2 razge wirich is the product space of
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two, or more, simrler sets. McOiil [61, 62] has examined this problem in some
detall and he has avprooriately gemsralized the transmission concepts so as to
produce & mltivariate theory wiere, of course, Shamnom's theory is the bi-
variate case, Ve shall recount tuis development briefly.

First of all, we may replace x by the symboi (u,v), which is equi-
valent 40 x when the range of x i3 the praduct space of the ranges of the random

variables u and v, in the equation for informaiion iransmisslon, and we obtain

Mu,w3 ) = Blw,w) + H(y) «~ Blu,vr v)o
(Wle have systematically omitted the extra parentheses about u, v for grsater
clarity.) It is clear that in our discuusim: hers hos been no notion of
direction of transmission between source and »aceiver, and 50 taey wx; be
interchanged. or formally

T(uyv; ) = ys w,v)e

Next, we would like io introduce a measure which gives th: separata

dependence of y on v and on Vo To do this it seems appropriate to define a

e s Y (YA S O T A B

measure of the conditional information tranxmitted, which, fer axample. is the
information transmiiied fTom the stimmluves u %0 the response y when the stimuius
v i3 leld constant, This, of cowrse, will be an average quantity which in

B R S N R T B L T o P T e
- ) < 7

dotas} ia the information twansmitted from u to v compuitsd for each possible
vaius of v and then sveraged over v. This canu be shown to bo given by
, 2 uy) = A(v) - 2y,v) - Alv,y) + Blu,v,7).

In l1ike manner,

T, (vsy) = H(u) = Bla,v) - Hin,y) + H(u,v,y)
{ '1.'y{u;v) = H(y) - Blu,r) - H(v,7) * B(u,v,¥).
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! Cleerly, v will have an cffect on the transmission fica . 42 7 i€ amd only

ir 'rv_(u;v) 7 T(usy), and the magnitude of this effect is measured by
Alavy) = T (us57) = T(wsy).

Similar quantities can be defined to measure the effect of u ca the trans-

misgion ficr: v o y and of y on the trenamission {rom u tc v, There is not,
howevsr, any nmcsd to Introduce a new symbol for each of these since they can
all be shown to be equal, i.6.,

3 Ve i Sy

AGrvy) = T (vsy) - T(vsy)

= Ty(u;'f) - Muzr). ,

"In view of this symmetry, wo aay 4ail Alusy) the wevsy intermetion
information. We =ee that A{uvy) is the gain (or loss) iz s=xple information
transmitted between any twc of the variavles.” [p.5, 62] i

| With these concepts, it is now possible to express the three-

- - e e mde B sy Bapeon moef & 8 Bon Amieme e ol DU A D B ma
Mrmensionsdl informatica transnitied in terms of the Wo wo—uimsnsicnal i

ones and the interaction informstion:

Mu,vy y) = Tluzy) + Tvsy) + aluwy)

[N )
T ek T

s

al s
- !‘v(u;:,') + ".‘u(v;y) = Alwwy)e

We may write this thres-dimensional informsiion transmisgion in anoller way

which pamsllels the familiar equation H(y) = Bx(y) + Mx3y), ramely,
Bly) = 30+ Tu,v; 57) |

" H,w(y) + T(ugy) + T{viy) + Aluvy).

B e T UL Y U SO PR

The tera Hw(y) is the residual or unexplained variability in ihe respomsa |

v aftsr the information abovt y given Uy u and by ¥ 2ad the interaction

infsrmation of the three variables hzs been removed,
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| » One wmexpected result of HoGill's analysin 1s the possibility that

the interaciion term way be nagativa, "“In other words, & knowledge of the
imyut [v] may decrease the amount of 4nformation that (y] has about [u] -
commmication from [u] to [y] would actually be better if no data about

[v] were coiiected at aill™ [p. 431,72]

aiaatioh e B 23 oo NS [ FAEEE RS SRR B @t

One of tbe most important and desirable properties of the informe~
ticn statistic = entropy - is the additive character, which was apparent in the

two-dimensi(nal case and which iz even more forcibly illustrated in the three-
Mmengicial WwwGy. Each of the conributioms, thet from u, from v, fivom tha

interaction. and f¥ou wmeaplaines variability (while not independent) is
simply added to obtain the informution in the respunse pattern. Thus, the
information analysis of a stimlus-response situation is somcwhal ane/ogcus

b icduIN

0 that of an snalysis of variance, and 1ieCill [61] has examined this relation
in scme detail. BDubt as he pointed oub slssulada, "e.e. ilaformation trensmission

is made to arder for oontingency tables. ilcarures of transmitted information

N';‘}ﬁwy{;m‘te" g oo A e et \,ff'gfgvv,;ugngn iy @Wm%'wqé
yZasd) s i LY -

are garo when varisbles are independemt in the contingeGoy-senss (as spposed
to tla restriction to linear indspeudence in =nsiysis of variance). In &idition,

: E. the analysis is designed for frequency data in discrete eategories, wiile
. % methods based on anlysis of varianae are not.® [pp. 9-10. 62] "It would

geem that information thacry =ffsotively corresponds to a nomparaistric
analysis of varience." [p. 111, 72]

R v
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There is,naturally; no wazson wly the above anelpsis cannot be

L

extended to mare dimensions than times, and Me(0ill [62] has carried tbis out

P R L

in some detail. There seems little reavon to reproduce that hers.
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In the next section wo shell discuss the testing of independence
typotheses in both the rultivariate and bivariate caz7s.

5.3 Statistical Tests and Estimstions of Entropy

In addition to the constructicn of mocdsls, behavioral zeisntista,
unlike most physical scientists, mist confront the difficuli statistiead
problerm of testing and using his model when the only data availabls are from
small sauplaa.l His use of informatios: 4hsoxy I3 no exception to this rule,

80 we turn now to that probism,

Lot us supposes ihat a distribution p(i) governs the selections of

the ¥ aLternativos 1,250e09k, and let us suppose that a sampis of a independent

observationz of salections yields a(i) cases of aleamstiwve 4. Tha true

entropy 18, of course,

B » « Z p(1)10e,p(1),
1=1 =
13 i y
wrile B e - % !-‘52“32 -'l}}-l is the estimatcer of the entropy
i1 -

Sat w . b}
cbtainsd by replacing each p(i) by its maximm likelihood estimator Eéh .

M1ler and Madow [73] have shown that if the pfi) are not all oque=l,

Vo (Bei*) has & normad limiting distribution with mean O and va-iance

k
of = = p1) [log,p(1) + HJZ
i=1
If, however, p{i) = 1/k for evury i, then _l__g_n_ (tr_1se ) DA8 a chi-square
ogee NesTRe T

1, In this apyplied worl mach calculation is nescessury. lowman [TL] has described &
Snecialisad cammuter o asscist in this, liors intarssting is’t.he table of Jp J.o& o)
presanted by llewman and the more extengive tablss of Dolanaly and Dalanelf [121¢

st el i m‘% ki iﬁiwﬁ,ﬁa‘ﬁ ad
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13miting distribution with k-1 dsgrees of freedom.
Thej? point out that if small samples we used to estimmis the
entropy there is a bias which can be corrected for by the follwing thearen?

1

Hoo E e % - 22 I m?

—a-zi + 0(-'3')

where FH' is the expscted value of H! andO(;’l) denotes terms of the ordsr

of J./n3 or amaller. They also establish a similsr expression for ths variance
of H', but as it is fairiy corplex we shall not rsproducs it Lare.

For the case of equally lilmly alternatives, Rcgers and Oreen [85)
have daevoloped sn awact axrreasion for the expected wvzalue of K, namsly,

n Y Z "1)3{’-1 (;l-)
mo- ega- 3 (223} 3-0 i-.‘a“\i"‘? .
© 1=2\ 4
ki-l

The Mller 2nd Madow appreximation in ths same c¢use reduces to

(1og,e) (x% + 6ulk - 1) = 1)

Bi* = logk - e
2 Ton?
which, of sourse, is much sinmpler, Rogers and Green point cut that for n >k,
the tvo give nearly the same resuits, but thetl for n < k, "... the Mller-iadise
formis ..., becomes increasingly less accurate and {their formilsa] becomds more
easily computable.® [p.2, 85] They slsc present a similar expression for the
variancs which we shall not reproduce herc. In anothur paper [86] thay present
table= of the mean and variande in the sgualiy likelr casa for wardicus valiasx

of n and k,
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M1ler [?7C] bas 2lso treated the problem of comtingency tables
having r stimlvs alternatives and s respense alternativea, Ve let the three ‘
probability distributions be p{i), p(j), end »{1,31), and the observed sampls l
frequsneies n(i), n(§), and ni{i.j) from a sample of sise n, The trensmitted

information; T, is cof course given ty

b of ) . 8 . r,s . #

| T e - I . p(1) log, p(1) - : z pl3) dog, p(3) + I p(4,3)10g,p(2,1) §
i=- =1 isd i

and let T! be the estimater which is obtained by replacing sach p{i) by its 3

3 2

maciens dikeslihood estimator 9&-’-‘-‘ o Ir g

3

o "y,
~~
E
| S—
1+
~
.
~r

Ne 1=1 % je1
g n{i,J3)

o
E
Bk
b
S’

it iz known from Wilks' [10] likeiinood-ratio teat of independonce that -aloge)ﬁ

han the chi-aquaie distribution with {(r<1){s~i) dezrees of freedom. It is
not difficult to show

B T

n(logye)I* = - Zlog,h, .'

B it L

hence n(logzs YT Las & chi-square distribution with (r-1){3=1) degrees uf

z freedom when the null Igpothesis T = 0, i.e., when the stimmli and {5is Fusponses ;
@ =re independsat, iz true,

i

i
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In the cams peper, !'d1ler showed that
Tapp . frl)s-l)
niog,e #
and so it is possible to correst far small semple bias. He suggests that
a should be at least Srs in order ic make ectimales of the information
transmitted. He also showed that

. 2(r-1)(s~1
reir) - HERISE - o

Fortunately, since we do not imow T, we do know that n is generzlly much
larger than T, so the last torm can be neglectad and the variance iz glven
approximately by the first werm.

ticaisi [62) bas extended sams of the above results to the multie

variate case, First, he cbserves that:

) h /[
(¥ is indspendent of (u,v) | I'r(u.'f;y) =0
i v iz independent. of v } tben § T{viy) = 0
y is independent of v when u is held constant, i'\ 'r_d('v;y) =0

The last two conditions ezch imiy

‘rv(u;y) = Musy)s
or, in words, v is ot inwolwed when either of the two conditions holds 3n

the transmission hetiseca & ard F-

There aFe, of courge; analopoun statemente for the sywhols u, ¥,

and y.

—.—.-v-n_n“m
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To test the hypothesis that any of the T's are sero, HNoGill ussa

"llar's result rel=ting indspendenos with ths likelihosd-iatis test. One

otains
(‘r(u,vzy) - 0] n‘.l.ogzdr'(n,ny?) hes gacads { (W-l)('x‘-l))
Tusy) = 0 nlogeTt{ugy) | WOV (D-1)(y-1) | desreee
it 57 ! then S chieCumy ( of
T(';Y) =0 ﬂl%.!'(m) i distyribution (v-l)(r'l) I fevedat
Ty(u;v) =0 /} nlogzo'l"(uzv) with !(tm.)(v-z)}

where U, V, and Y arc ihe mmber of points in the rengpes of v, v, and ¥

respactively, and n e tha sive of the samnls,

e showg thit If 4hs Lidl hypothesis

p(1,5,2) = p(1)p(J p(m)

43 rue, then T(uvsy), T(vyy) and ‘!y(rs;v) are asymptotioally indepandenmts
thus, &5 an approximstion, ths sorresponding primed T's can be tesisd simul-
taneously for significsmee under ths mull hypothesis.

¥oGi1l prosent an interesting exa=ple which shces very grephiealiy

that ... ve cannot decide whther an amoumt of transmitied information is

big or amall without raowing its degrees of freedom.” [p. 16, 62]
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Part II. Appliesiions to Behsvioral Problems

1. Introduction

The applications of infczwation thesory. including i1tz indirest

fluences in spplied areas, are noi tisy sither to svaluate or to surmarize,

5 R AR B! PN e

Thare can be litile dowbt that, 4n addition to the direct applications which

we can eite, it has had a very brosd irpact on the thinking of many behavioral
sclentistz. It has affectad both the apnrcach to ths mmalyzis of certain

i 2 O .

types of data and the choioe of prodlems to be sonsiders? szpsrimentally.

58 Sl

Such influancss cannot bs sucoincily desoribed or tabulated, and we shall not
abtampt to do mo haso. A more tangible effect of the theory ir the behavioral

modn—mam Lo 2. b TE ol mmmeemans Len cdnd ate 4:. Vo \.-... e B ALY

§Ci8aea8 48 publishisd papers in walch IV 555 Leen expliciily employed.
Bu? sines theee articles have srpeared sporsdically in most of the bebavioral
avess. ocme esn hardly hope for & «lsar palfern of applicati.omol This faet,
souplsd with the inability of one person to know thess varicus literatures,
Zorcee va 4o consider the two behavicrnl avaas wherw the publicsiions heve
been aspecially numerons and wh.ae the pattern is cleerer: psychophysiecs and
puychology.z

The realisitiom that information thacry eould rlay an important

role in peychology came in tie late forties, only a fev yeirs after the

1. Plology is to some degres an exception. lhich of the application to bisclegleal
queeticny has stermed Srom the intarest of Guasiler, wwho has gathered together
much of that work in une voiume [8].

2, iesh of the meterizl wa shail discuss hers Las beenn gumariged by Milisr {72)
in somewhat less detaill {han we si&ll present heva,
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pubileation of Shammon’s now classic paper. 7The realixation was symbolised

and to a lsrge degree acceleratsd by a peper which Miller and Frick [65]
publishad in 15)9. They observe that ",.. [a] psrchologistis experiments
wsually geosTmte = msjuence of gymbols: right wnd wrong, conditicred and
unconditioned, left and right, slow and fast, adient and abient, ete.® [p. 311
Taat is to say, vy many experimenis sre of the stimilus-resvonse type, whare
the stimld form one sequeénce and the responses another. GCenerally, the

procscures to anslywe such dete kave ignored Loz sequential relutions among

R B IS o al Sl M U Sarn i = =

R YT

s yesponses (wmally, tacugh net sdvaws. sequential effects inm the stirmld

hewn haen syperimentally alimfuatad by rnduaising procaduras), but ignoring.

ahs sequeriial information, they pointed cut, is equivalent ic sesuming the

indspendence of succesaive responses. 1t was not implied that peychologists
foli ihat this was & ressonabls asswption, but caly that the standard

statisticul tecimiques vere not suited to such an anelysis. Ap exception to

this, of course, hes heen the uss of contingency isllies to study temporelly

e @ 5 e 1) 8 A AT S D L ST

ordered paivs of resgponses (digrams) and the use of continpency measures t»

Ay e b o ST L AU B S a0 S

characterize ihe degree of assoclation between the srguments of the tabla,
H1lar and Frick then sxt1l1ned certain aspects of Informetion theary and ,
proposed that the information msasure be emplayed in such situations, As 1
Frick and Klawner point out in a latsr papur, "lis [information] weasure

=7 be applied without logical difficully to ay situation in whick ona is

R L T e ]
) S § !

willing to identify the wermbass of the giimulus and respense claases and make

P . T G U SIS IR i & L § 3
SUms svalaments about thelir probadbility dictbubions, lThethewr or not the
1 -
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neasurs is usaful in the analysis of human behavier remains to b2 provem.
Farly results from its applitation are, however, encowraging..." [p. 15, 19].

There are difficulties, bowever, for as !iller and Frick pointed
out, tihere are two serious limitations on the applicability of informatiom
theosy:

1, Sequential response: which are genaaxated while lsarning is

scurring do not furm a suitsble sample from which to estimste the probew
bilitiss whish ars needod, for the assumpiions of learuing and of 2 stationary
response time series are incompatibla,

2. The difficulty of obtaining adequate zamples to estimate
probabilities increases sharply with an increase in the length of dspendancies
in %he response sequence: in fact, bgyond three step dependenciss it is

i comletaly cwt of hand.

Ralated 4o the last peint are the somputeticnal difficulties wnich
arise with large amounts of sequential data, DBasically, however, this problem
is less seriour than tha sampling one, since computation machines idealiy

W 1 A Wl G W B @

suited to mpetitious s2lculsiiions are avaliahla. In additien, special
equipnent. auch as thet described bty Newman [7)h], can be econstyucted to

earry ouh lultormatics-type analysis.

i M1ler and Toich picpoved that tne quantity which 1z erilaed vedundancy

is cormmunication problers (section [.3.0) be vailed the indest of brhavioral

gtereotypy in behavioral applications. It will be recalled that this is dafined

as
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It is a quantity which is 1 vhen the behavior is completely siscovtypic and
0 when such of the severzl alternstives arises with equal probebdility. A
value of k for the index meais thet, on the sverage, & per oem of the
i responses are complstoly determined and the remainder, l-k. are maximally
{ uncertsain,

Yoear by year, following the publisation of this peper; there has
been an incressa in the number of papers in psychological jownais employing
information theary, with alzost = flood 4n 1953, I% is not plausible to
suppose that this wna wili decreass repidly, if at all; in the next year
or two, and 50 we can e e Wl &y scumary wo alispt bors Wil be ot
aof data before it can b very widsly road. Yet alrecdy ihere seams to ba
some patisrn $o the pabliestions, and a0 a summaAry may serve soms function, as
long @8 it is kept in mind that il is & cposs mection of aa iisowpleted twend,

From our kaowledgs of ilo thoosry, it seems reasovahla {6 clase the
applications in three categoriest 1) Thoge which employ information theory

to dasl with seguential date, as proposed by [Kiier and Fyiek, Secticns II.Z2
and TI,.8 are f1ustzative of this spproech. Z) Those which employ the

o tas e b

" 8 VT L P S P B . s o S

formailam of noisy commmication (diseussed in sectlon I,5) to cope with
probilems where etimﬁlua and rosnenss ove not peracily ccorrelated, e,g3.; vhere

ilLsre are errors of some type. Sections IL.7 and 1I.7 are typlezl. 3) Thoase

bt e 00 gy

v vhich emloy the central thesorems of information theory somcerning rate of
transnission and cspacity. Section IT.L, and to soms axtent sietion IT.5,
exomplifies this approach.
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In aaticipation of wvr swrvey, three features of the tremd of
application ssem worthy of note. 1) As 81ler and Frick suggested would be
the case. and as ve menticmad in section I.5.1, few of the applieriicns are
to problems usualiy slascifisd as commmication problers. 2) The applicaticas
do not cenarally esploy tixe Fmdomenmial thooren relating chammel capacity
and the statistical structure of thu soeres. For earple, we now of caly
two limited attempts to charecterise the capacity of a behxviorel system
other thu: by observatious of the actual rste of trausmission. 3) Tae theory
has nst gencrated now prodlems to be studied in psycholiogy, but rather 1t
has caused researchesrn 10 re-exmaine old dtlems Jiam & nev poindt of wisw.
In same cases (ses ssction II.SK) it has permitted scveral sparently disparets
eff2cts to be included in a single theoretical framework.

The fuct that 0ld problems ars being considered again does not.
wafortunetsls;, psan thal, new dara are not mneded. A published experiment;
rarely fulfiis exactly {he conditions another worker wonld like; snd, more
important; the Isolstion of sequential dependencies requires & new amalyuis

Thw vaw data, and 1% 1s very rare indeed to find sxtensive pul:lieations

of rww data,

2, The Intropy of Printed English

A problem which has intrigusd a numbsr of suchors, inciuding Shannon,
1a the sstimation of the ontyopy of printed fugiish (or amy other language,
for that mattar); i.e., the estimation of the aversge mumber of bits per lstter
i in a writtsa passsge. Pul another way, the problem is to characterise the

¥
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averags coguentisl) denendgnoles in the writtsn language. If we asgume -
as may be sppruxcinztely truwe = that the English in oune book or articls iz
the {ypical outpnt of a stationary scurce: the author, then 4r principle

b L i

=2
21 all we need do ir saloulate p(j}il,.‘.._z,n,;:lﬂ) for all lstters J and for ail
& listupine of letters and blants which wight precede j. From this we then

F,w=al X . FEOEA i
¥ Ty §oibg,d Logp(3lb, )

where b:.. denctes & typical block of N-i successive lettars preceding Jj.
Vese thuss F‘Hknm, then wa nould ssiimste the entropy of the cample to

sy aesired accurssy weing ths fact st 4
H= lim Py
Hoe
™e difficulty becomss apparent when it is realized that from a 27 letter

e

BB B e

alphabett‘nu-em'ﬂuposaibuu-m. 0f course, many of these are ruisd
out as impossibis in English, bul even vers we to zasume that, say, Galy oae

o bt W e Sk b,

per csaut weru possibie, there would still be 1,968 cases to bo examined with
O

"i'!-’ N =3, and 53,3k fer N s |,

’ By Norsthelses, Fy can be somputed for very smil values of U, and

14

¢
e

Shammon [91] reports that

_.,.,,.u...
IR
j«in

b} 2 .
gz% F, = h.ib bite/letter
b1 F, = 3.56 bita /letter

3
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i £ n +
o FB = 3,3 bits/lattey i
'f'v‘«_w -
d B’

s cr'iculaticons ovs hagsed on the lotter, digrsm, and trigram frequenciss
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which have been prepared far coding work (Pratt [78]). Hot culy is it
rractically impessible to eaxry this approach moch further, but Shannon
suggests that F.; and all highar F's, may be liable to some arror since
many of the Negrims in the sample will bridge serocs two words. It is
clsar that other avvroximats techniques are necessary.

Thres propogals Lave oo nads, The first employs, in one way
or another, the hnilt.«in Imouslaige of English statistics in Inglish-speaking
peonla. The second attempts, . an assumption, to by-pass the sampling
dieticultian of the direct pr.csdurn digsuesed sbovs,. The last utilises

P s AR ot T AT 000 R AL € 4 i R LG S LI R aaiiss s e e

tha known emirica) distribuiicns of Erelish words. though igmoring the
statistical dependoncies among words, to determins sn wpper bocund on tks

entropv, Ve shall discuss ths proposals in this order,

£

201 Shannon's Upper and Yowsy Boupds -

Ia his original report, Shannon (pp. 25-26, 88] states that

*The redundaney oi urdinary English, not considaring statistical siructure

64 2l

over greater distances than about aight letters is roughiy 5C psr cemt.®

(The definition of recumdancy was glwen in seetion ¥.3.6.) In & lster paper

e e e L o L Y L P

{91] he cites his originel estimate as about 2.3 bits/letter, He srrived

ooy

§ st this Iigure usiag two vechnigues. Fizst, he developed appraximationa to
English using the published frequenciss, digram, and trigran fraquencies of

T PR Y LR

letters and the frequencies and digram frequencies cf wexrds to generate spproxi-~ i
mations to English. The redundancies in each cas: were calculatad; in the

last two caoos ome extrapolation wus required, sines the tables wsze nob complete.
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i Second, he ssiesctad passages of Eaglish atl randes, and using 2 3=bls of
randon mmbers be dsleted (but with an indication that a deletion ad
occurred) & sertain percentage of ihs letiers, Ilis subjects then attapted
+o reconsiruet the original pusgage, and he found that ths letters could be
repturod with hish accuracy when S0 per cent were deleted, from which he
concluded that the redundancy must be at lezst S0 per cent,

Ir this secsud vaper [91], Shamnon carriecs his estimation proceduras
further by developing both wrper and lower oounds for e entropy, and hie
data indieate that the redundancy mey be neacer 75 per cent than 50 pex’ cent.
He selscted 100 samples of English text, sach consisgting of 15 letters. A

s G50 e vl RN SIS RB AR ¢ | B Dt £ 2

subject s recuired to gusss at the first letter of a passaye wntil he

P S T |
O Lock L LM,

it GorTecilye Koowing it, be guesmed at the sccond untdl it was

obtained. TIn general, knowing li-1 lztters he puessed at the ch wnll B3

e P

was correct. Tha data msy be presented as a table having 15 colums snd

27 rous (26 lstters and a blank). The entry in column ¥ =ad row S is the mumber

th gusss givern st woeay

of times suhiects guessed the correct letier on tbo S
imow the Nl preceding letters. A small portion of the tzbls is reproduceds

i 5
R 1 2 % 10 18 100
i 1§ 182 29.2 Su 67 6 &
§ 8 2| w7 Wb 13 W B 7T
3 86 1100 8 & 5 -
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The column marked 100 was obtained by presenting the subject with 99 lettezs
fyom a 100 werd pazzagzs. The datc 2o colwrns 1 and 2 were preparsd fror
putlishked word and digran frequencies which are based on far larger samples.
To upe thace dats, Shannorn intreodvced the nction of an ideal
prodictor who; knowing p(bi’ ,1_) + $40,, the probability of all l-grams, would

select letters 3 in order of decreasing vrobability for the given b, . Thus

10
each letter of 2 mesuage can be replaced by a nurber bolwsan 1 and 27 whish

tells how mary gussses wiil tt necded before the correct letter is obtained.

Fer sn ides} predictor this sequente of numbers will contain the same informae

tion as the message, since one can he constructed from the other, but it
has thie addsd feature that there will be linited statisticel dependancies
anonig the mumbers, sinee the diffieulty of one will not gemnerally deterrdne
that of the next. EHencs, zorpuiine the entropy of the number sequercs is
not difficzult, and 4t can be used to estimate the entrory of the language.
The frequency of the number k ii the reduced text wili, of courese,

be given by
J

l‘"
G‘i' o 4 p(b1’ j )

wnere the sum is takewm over all (N-1)-grams b, and over those j's #uch that

1% rosults in the kth largest probability for the given bio

LS
Sharmon then shows that the N"h oidor entropy, FN, iz bounded by

Bt T T

o o B 3 9 A G e T )

-6 Wi

-

i & 2

: Z okl e, llog k < F < I ¢ ilog, @
: o < ’ -~ > Sy , G
: k =3 Wt P2 2w S A e R %
Q Using the date described above, and mmoothing tham, Shannon calculated upper
b
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and lower bounds for N = 1,2,.06,15. 100, Soms of the valuss are:

N

5 1 2 5 10 iF 1w
upper bound | O3 3.2 2.7 2.1 21 1.3
lower bound 3,19 2,50 1.7 10 1.2 0.6

Whypmrandl’ouwhoundaoni'g

Wher both ssts of points are plotted for Il = 1,2,...,15, there stiil remains
soe sampling exror, but smooth ecurvez san bs faircd through the poeints
ressomehly well.

It should be noted that there is a considerable drop in ol
bounds between N = 15 (at which point 45a curves are nearly flat) and
N = 300, Whother or not thizx is meaningful is diffiext% Lo say, bub, an
we shall see, none of the other ecstimatss saggests that ihe entropy is as

A bt b 4 il W umlﬁuhhb&h—u}‘i‘-eumi O N 0000 Ykl TS A G2 M W e e

v

icw as 1.3 bitg/lotter; howaver, it must be kep% in mind thst all of thess

w1l ha wmor hownls, snd hoy meh too lurge thisy msy be is not moum.

| Seas

2,2 The Cosfficient of Loustreint
Vewmun and Gerstman [75] approached the predlem in another way whiek

does 1ot depend on Fbuiite~in® mmlsdgs of Eeslish gietintisg, but which

does employ an 18 y=* wnproved sssumption, Thoy dofine

2{i) = =32 p(i)logep(i)
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and H(1,5) = -2 Zp(d,1)10g, plL;8)
13

where 1 and j are lstters in a passage shich eve separated by N-). others,
That is, H(1,N) measuwres the average atatistical deperdence ¢f a choies 4

on the chnoice 1 which was made Il letter= earlier. is W becomes large it is
3lear that this dependence decreases., A mszaure of its magnituds is

B, (W) = B(LN) - A1)

They tosm deitine & Guaniity

whieh 13 called ths coeffisiest of comstraint.. Tt is a quaniity which is 1
whea the N selgotion is wiquely dstermined by the first, and O when the

A M 550 1 w4 6 W ol e . oA VAL B P A 0 S Y B

N is independents of the 2irst, Sinoe only pairs of leftars are involve:
in these quantitiss, 1t is comparatively easy to deturmine them for a given ,
sample of langu=gs.

Using a 10,00C word sample from the Bible, they obhained the

following datat :
N
2 3 L 1 (3 10

DIN) | o223 o303 .06k  .039 027 012

and & letter frequency entropy of L.08;, which we cbservs is slightly diffarent.
from the L.l obtained by Shammon. A plot of tiwse data om log~lcg paper is |
approcimately linear with a slope of -2.0, or, ia other words, D(N) = ],/I\!z,,l

gpproxdmately,
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D(N). The answer is 'yes,' provided it is trus that
This relaticn is esrtainly tewe when ¥ = 2« indeed, the equality holds then ~
and it §5 true for any N such that the symbols are indespendent, for then
D(th)'-OandFN-FN_l. They voin’ out. however, thet no proef of the
assurption has baen f'ound, and they add without further elsboration the
eryptic comment ".,. 2@ theye are limiting cases in which it s proved nok
to applyr.® {r. 120, 75] In ey case, if it is assumed, coe has
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f where we Lave iatrodused the expirically grounded assumtion thet
$ )
i +
' D{1) = 1/1%2. In the 1imit
H
}
i H o= lm ¥ o= B2,
' N+
’ { whish gives an upper bound, if ithe two assumpticms ave carrect, of 2,0k
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bite/lotter. Ir addition, for N ® 1,2,¢..,15 thay cwzmute B(1) %—12

and they cumpare thees points with those obtained Yry Shammon 23 an woper bound.
This curve sess to £it the points as well an s faired cuwrve of Shannom,
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T 2.3 Digtwibution of Yawds snd Iotter Btropy

8 o ) -

2 ;

i The third, and lasi, mic Siprresh +o switing bounds on the lstter

eiyoyr rests on a camputation of word entrapies which is based on known

74

frequencies of word wse in ihc language, ™his enivopy; whea divided by ths

! )?A;;:(-ﬂmﬁ

%-5-; swavume ward langth, affords an cstimate of the lstter entrovy which is only
| 1 I wper comd, sivoce the teciiqus, Lesad as it is anly ou word frequentiss,

e

e
54

Bl imores comlataly the redundoney dne 40 inter-irord indluvendss,

& Long befare informeticn iheary, paople had dstmrmined the frequency
of ussge of vericas words, and it was Zipf [102] who obeervad that if we rank
words 1,2,.",:',...3{‘ in ordexr of dacressing froquenusy, than the frequency
of ws of a word is simply proportional to the inverse of its reok. That is,

?fzﬁgfay S

g.. it

the provabviliivy Pp ¢that 2 wendomly selscied word ie of rank r is given,

spproxivaiely, by
Lo NG k/!’,

: r
vaere X is & proporbicaillly factnr indspondawt of r, There 15 & cwrtals

gt
g
B

s

;..
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aptizuity as to just how many ranks there are and oartainiy if we consider all

258
2 b

pos 15 Eaglish words the sppraximets law fails for very high renks. Taa

walue off ¥ i8 chosen 50 the Tiizi," imowm as 21 f's lew, holds for the locsr

g

£ ranks, and t5a zise ¥ of the vocabulary is given by the comxiition
!
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v
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Newnan and Gerstman [75], M1ler [67]. and Shannon {Y1] Lave ail sarricd out |
this caputation, but as Newman #nd Garstmmn point out, thare are cartain
disarepansies in ths results. Shammon cbtains N = 8,727, while iHll:er, &
presumably using a definite integrai ic approxinate the seriss, geta 22,000,
and Howxmn and Cerstman obtain 12,370 by tzkiag into accommt the discontinuity
o2 the first 100 renks and approximating the rest ¢f ths series by #an integral.
Using thin distribubtics; it iz then possible to calculate the

entropy of the indenendant woprd selections accoarding to ths distzridbution,

E 1.9.’
) N
i X k
R - i ; 1082 ';_: P
Shammen ctiadne 11.82;, iller 10.6, 2ad Newman and Garsimsn 9.7 bitsfirord,

These zive estizates of 2,562, 2:25, :nd 2,16 bits/letter if we talm L.5

250 O I M G WECH Y W £ KD

letters to be the averapge word langth. There apmmarz to be a further dis-
- agreement, as was pointed out by Neuwn and Gerstman [p. 124, 75]¢ Ceusidsiing
the different valuss of N obtsained, both the Shannoi: and the Newman and Csrstxzan
results should be on tho saws side af thi Miller results they are not.

Arother spprosch to the problem from the point of view of words

-y et DAY g

o9

ig dus te Beli [2], He supposenm that the space between words is sert infallibly
aud then he cbserves that the length of a wsord savrlies some information. =is

H
H
a
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tho simplest exampie, tonsider the fast that thure are only tawo words of

ome letter in normal use: the persomal pronown 'I' and the indefirdte
artiols 'a.! Hemowe only two out of the 26 single-lstter ‘words' vhich are
mathenetically aveilable from the alphabet are admitted t.0 the English
languegs, and it follows that when a word of cne letisr is reccived in Inglish
the choice iz only 1 cut of 2 instead of 1 out of 26, An alternative
expression of this iz that tie ‘intarnal information® implicit in the fact
thet the l-lotter word is iu the English lamguage equivalent to a seisetdon

: of 1 out of 13‘alternatives; and the commmication of a selection of 1 out

ef 12 vonld be regarded ag a commnicaiion of 3.7 'bits’ of information

. (log A3 = 3.7), 5o thet ihs average intornal information of i-letter wards in
the ngliah language may be stated as 3.7 bita par istter.® lp. 38), 2]
For longzey wards mia:'n a detailad amalysis is impossgible, 8o he mads sietistieal
samples from tha dloiionary. From this he caleulated the intermal informetion

§ in bits/letter and he obtaineds

Tber of Letters

e w e

How s

; 1 2 3 h g é ? 8
? 2
: Internal 3.7 2.2 1.53 1.93 2.36 2,56 2.98 3.2
f Informetion
t )
B Tuls cwrve was smoothly extrapolated for words ionger than 8 latiers, Using
5 Dewey's word 1list [1L1] to obtair relative frequencies of words of varions
i
i lengths he calculatsd ihe wsighted averege of the internal informaticn azd
| he cbtained 2.1 bits/letters
!
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2.1 Ths Rols of Redundanay

Vhatever the correct valus of the letter entropy is, it 1s clear
thaut it is not mch over 2 bits/letter and not much lsss than 1, and so the
redundancy is scoewhere between 50 and 75 per cent. In uther words, we
eotld frunmmit Who same Information as we do odthar by using a considerably
smallsr alphzbat and keepling the Lengili of Looks and articlss the saus, or
by keeping the same rmber of symbois in ths alphabet znd reducing seatarses
and books tc fram cme quarter to one hal? ilir present length, That our
lanmage is not fully efficient in this gtotisticali sense presumably regults

A SO0 055 UL ST AN o o s o

from our need to commmicate repidly and accurately undex adverse conditions,
iee,.y wWiepe there is noise: in the prusence of other voices, in the wiad, 2t
nan. oto, It is clear fivm the 1ittis example given in secticn I k.3 that
even a s:=11 swmi cf nolise can result in a sericiz drep in the informmtion
transmitted -~ in that cass a one per cent chawce of urror resulted in s

ten per cent drop in the entropy. It thus appsar: beasonabla that if &
langvage is designed tc cope with evon a slight amoumi o&f soiss, ihen the
rechimdeney st be muite high indeed. Of course, when the noise loval is 3o

high thet the asturel redundancy of the langusge iz uxchle to camdavw iv,

athayr mathode gre used, 6.g., vords and even whols ssnionces are rwpeated, !
aud In such places as factories ilic Focsbulary between tars people may be
redneed 4o 2 fowr words - pomaibly, to !stop' and 'go.'
£ emmtpls of a prrpesaMl inerease in redundancy is found in the
Yory formal lamgmagu uged for air traffic ccotrel at .1 zirpert. Frick and
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Sumby [20] hiave presenteci & summary of their findings for this language,
but withoul mush of the data, They uaed the technique, intruduced by
Shaooa [91], of having subjects predict the next letter of u message. Using
trained personnel as sudjedis they found that the unosrtaimtyy of control
tower language 1s about 28 por cent that of random sequenves af lstters and
spaces., And this, they point out, is & seirious ovcrestimmtion, sinecs in
ryaction the operains aimost ivsys knows “hs pilot's situstion and therafore
csrtain massages are sxdludead, To sstimete these situational constraints,
they deseribed hypothsticel situations to 100 Alr Force pilots znd asked
thom 4o predict the control towsr msssape, Faming equivaience classes of
Tmeandnig wite® snG taxing into account tho imposed grarmer of the Ianguaaa,
tusy fovad that the wncertainly wes oo mors than 20 per emmt of what it wonld
have been had the wiits been equeliy liXsly and randomly =soiscted. Tan overall
effect, they estimate; is a redundancy of about 96 per cent. This is not
an lxplausible result when ons coneidars the hish noise level in bhoth the
tower and the plane, and sspecially the low margin of allwwable ermor,

A similar stody of towar-pilot comrmmiesticmns ai the langley
Air Psrce heee hag been rresented by Foilenm, srits, aud Orier [i18]. 4s
in the Frick and Sumby work, ihey divids messages into informatiom clements -
®. .o & word or a group of words represenving a typs of lalcTmavicm, .gm:h as
rummy assignment, elapsed time, ete.® [p. 5] "™ ~++3ded the analysis of
redundercy into throo levelss first, they simplr _ .= iwtc accourt the..
Prequancies of the varions information clements; second, they dotarminsd tho

predictability within a messagey and third, they determdned the predictability
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between measczes from the observed conditional probabiliviss bstween messagss.

{ At the second level, thay determined the probebility of sach message =md
determinaed the entropy of uhole messages. This divided by the average mmber
of 2lemonts per messige was taken to be the entropy of sach elcmemt. 4
Justifizoticn of thiz rrocedurs vas given, The dsta are separated inlto mossagos
origipsted in the adr and at the tower, and the estimated redundensy using

sacii of tiue three levele is prescated:

Sl T it B U P B N L VA R D e 3 S s 0l § S G R AR S worss

lavsl
; 1 2 3
: Aix o 35 ™ 72 . 81
Torer 2 o5 <78

The enthos estimate that if contextual eonatraints 2me taken into 2coownt,

e e e S e

as they wra in the Frick and Swity paper, them the redundancy woald be
about 93 per cent, which campares clceely with the 95 per cent mentioned
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3. Disiribution of Word» in R Language

et

In the lust secticn we uscd the empirisally grounded cbeservation
of Zipf tHat if the words of a patural lansuage sre ranked from the most o
the laagt summon then the frequensy of une rth word is approximately fmvoesely

—~
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rropartional to x. Zipf fourd that more linguistis date could be it by

ths moxe general equation

=B
Pp * Te

vhare p_ is the frequency of the r'" word and P and B are comstants. B
baing in ths paighharhood of 1 for all languape. , ®"Although this rwistion
appesrs with regularity in linguistic date. no cne has elained more than 2
vague appreciation <P its causa of significanea. No om3, that is, until
Mandelbrot.* [p. }il3, 72] Handelbrot has discussed his work in seweral
plrces,[57, 58, 59, 60], the cisareat rrobably being (50), and 1Wilsx {72)
has given = woy haipful summry of it,

Handalhrat started with the aasmumciion that the languags -« like
all known ones -~ ims discrete, 1.8., that conrunisation 1s by msans of waits
skiied words which are separated by a space, Heo fwrther assumed that the
tranmmitter in ths commmication system gncodesz ané the recelver decodes
word by wrnd, "Although it may seem taivial, the iutroduction of the space
hetween words is the ermux of lMand=ibrot's eontributicn and the main feature
that leadn him to results different from Shannom's. Ia Shmrmon's problemy
the entiry mossage is rensmbored and then coded in the most eflicient farn
for transmission. In landslbrotis problem, the message is remembered only
one word at a time, so that avery time the space occurs the transmitter nakes
the most afiicient coding hs can of that wowrd and then begins ansr on the next
ward, Coviocusly, a fransmitter of the kind Shannonr studied will be more

efficient, but one cf ihe kind that landelbro! 25 studring will be moow

pﬂctiﬁﬂ =" [p ® ll]iln ?]
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Let us agsume that the words are ordered by dscreasing frequency
of oeccurrences denote them by 'dl, wz,.o.,w o Lat the corresponding
frequencies of occurrence be Py» PpsecesPpe Let us suppose that o ezch
word, there will be a cost ﬁrrorusingit-wen do not specify what we mean

by coat exeert that it can be surmarised Uy a real numess 4t might bo the

PN

mumbe;r of bits required to iransmit it, or the delay. ete, The first problem

Man‘elbrot, attacked, which he caliad ke 'direct problem,' 48 to find what
the cogta c,’, ehould be 80 as to result in the least costly ixansrdssicn of
messages assuing vorrd=by-word ceding and known frequencies Ppo This eondition

yislds, as a first approximation;

s e o ——— i P, ¢ R

cr - [lognrj

where [x] donotes ihe mext iateger foiliviug =- i betler sppitaination is

5e] G, = (Logy(r + m) « g ]
vhere M, n, and d are constants indevendsnt of r. Obsexve that the cost
i depends on the rauking, but not an the dotails of the probability Aistribu-
: | tion,
" ; Next, we turn to what lMandslbrot called the Yiuverse problem,!?
! : In ths roblom he assumed the words given and thelr cosis fived, and the task

] was to datermzine the frequancy distributim P such that somd economy eriterion
{3 mot. He has given severzl eriteria vhich 3]l lead to essentizlly the

P T .

sans result.

1. let us suppose tat the avarsge cesd per word,
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r=1 7%
f2 fiz:Z in advancs, and we look far thie best frequency <istrdbution to

iransport information (in Shannonfs sense), That is, we maximizc

i - Zplogp, sublect to the above consiralnt. (This probism is oz
identical to Boltzman's prcblam in statistical mechanies: to find the maximum
entropy for a glven average ennrsy.) The following conditions ars necessary
and sufficient to gsolve tiie problems

= -
o = PN C
r

2

Tra third condition deturmines PY and the fowrih By provided that C < logR.

Iﬁdhsmecmtcooftheapaeedoesnotmterhms

2o A second coudition, which is a trivial modifieation‘of the

A b L A A e s L e e SRR e

first, i3 to hold H fixesd and chooss the distribution se as to minimize the
average zost O, The only differamce that results is that B is determined

E g

; ty the vaiue oi Hy provided i < icgR., Agein the value of GG is irrelsvan$,.

3. A more intsrosting variant is o allx R and C to e fres
& and to mirdmige the average cost perr vnit of infarmation: 1,60, minindza 2
3 - »
E“?‘ ® . N Y §
] ¢ - ZpAng b, %
o %

R L R e R T A N R e e e



-t jpe———

o 4 A O s i

o dn o STPAE AV ——— o e b

e R S R S SR M Vi 29 can .

~78<

subject to the constyaint 2pr-lo 43 before, we find that

-BG
pr r
P, - H

tr
-

xt now B is dolernined by the value of Gy, and so both the value of C and
H are £ixed by ihe cho:lceofca“

A

Finally, we turn to what lMandelbrof, calied the ‘mecrecy problism.’

He supposed tbzi the words are composed of letters I‘l’ La,...,l'.a, whers G

is much smailer than K, Let the letters be labeled in order of decreasing
frequency, dencte the frequency distrivution by Y and writs the cost of
thaithletterucio The cost of & word is assumed to be given by the sum
¢f the coats ¢f its compenaont lesiters.

®The hest possiiic of all weighted voczbulrries from ths point of
wview of the secrecy encoder iz the one in which the most eccnomieal code is
s3%o vebreakabls, Tho ¢ode must thon be a random sequsnee of element3y, space
included, and the enemy must sither go to word relaticaships, that is go
beyond our approximation, or try all ksys, the number of which is astroncmical.®
[po 131, 60.] The requirement he places is that an unbreakabls random scquence
of letters tramsport intormation for the smaiiest possible cost per wnit of
information, This is similar to condition 3 of the inverse problem, differing
hoerevar in that thape ie no clement corresvuncine to the word spacne. Formally,

the conditicn is that

sty
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should be a minimum subject to the condition that 2 q, = 1, Irom this

requirement it ean be shown that the word disiribution must ba

=BG
»>»

. = pm &
P, P'H

U RASN W el

as bafore. but with the added conditons that B> 1 and K = a0 , The latter

sondition 1ollows iicu the reGuirement of a random sedusace of letters to

A datbos B )

sustain serrecy. Us shall discuss the condition B > 1 a 1itile laver,

lot us swewevdge: to attaian tha least costly ission whaa

words are rankud in order of Jasyeesing Iruquenty, then

C [J,o%{ {p+m) < 10%{!]0

-

i fo sttain 1) vhe maxiram Anformaiicon traasport wiih the averegn cust par

GIAS e sames

: word fimac, or 2) the minimm sverage cost per word with the information

transported held fixed, or 3) the miatmum sverage cost per unit of information,
then the disiribution of the words shouwld be

.
s v e

v Q'B'G
: p, *= P £
i -+

T we combine ilese two conditions, taking into account the fact that Y

o Al e

gtatistical fluctuations in data will smocih over the steps of the former

equation, we obtain

-B
Pl +
P ° (r + m) ,

wtich Mandelhprot has called the fecanoical curve.’ Obaerve that if m = O,

i { this is the generalived Zipf law.
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is liandelbrot. points out, the fit of Zipf's law ¢o most language
data iz good omly ir thn central range and it i3 in error for the nmost
fraquent and “he lieast frejusnt words., By choosing values of B and m
different from 1 and O he haa been able to achieve far betier fits,
i H The conditior B > 1 which results from the secrecy criterion
hna been fonnd to be met by most natyal languages. Zipf called those with
B > 1 fcpen vocabularies' and those with B < 1 !'cloged vocabulariss,! lost:
languages with closed vocabuwlarics are in some way pecnlizr o special,
Clearly, !andelbrot's theory, like Shannon'’s, is normative, bub

it is much more closely related to a speeific empirical field than is

2 Shannon’s, Thus the Guestion must be raised as to exastly what llandelbrot

qL

has shown and what 1% zsaons for livauistien. "Ha savs that if one wants
to commmicata efficiently word-by-word, then one must obey Zipf's law.
There i8 a strong temptation %o reverse the implication and “& srgue thah
Lecause we vbey Zipfis law we mmust therefore ba comuunicabting word-by=soid

“aith maximal afficienzy.? [p. bi5, 72] Of course, liller goe= on tc point

N T TR M2 vt e 5 ey £ g

cut that wmish other evidence exists - such as the redundancy date discussed

i { in tho lecei section - t0 suggest that this reversed implication is falss.

: . Tv remeins to be szoit whether it can be shown that marked deviaticns in

1 t

i i eartaln directicis from perfect efficiency result in only sliigni aeviationa

H

1

A from the canonictl cwrve.

l .

| Lo The Capacity of the Human Belng and Rates of Information Trauafes

3

Y

{ Tn racant years it has prowed necessacy 46 construclt a variety

; \,‘t of camlex irfcrmatica-piccessing syntens ln order to deal with certain

i
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military and industrial problems., These systems typizaily recoiwn, from
diverse sources, a tremendous amount of raw information vkish must be
£11tered, recoded, and correlated into wha“s mor be called a model of scms
sitvation of interest. The model. must be suificlently simpie so that a

personr can grasp it compleiely, cnd sufficiently accurate +o thot he can

e iy 00 ol 9 S e bl T,

reosh ugeful decisions on the basis of it. For example, an air defense
syaten receives raw information from radars, spotters, airline sciedules,

woather reports, fiphter reondiness mrmorta, etce AlL of this must be reduced

]
Iy

! to a simpiiiied model of the eneny aliack, the defense Tariiitles, and the

i et Wi S IR

defonzive response, so thai a commanding officer, with only a fow seconds?

or minutes'delsy, can Imow the situation continuously, The officer rmst

g #.

m2ks snd modify his defeusive decisions on the basis of such a medal, It !

&
.

is clear that mch of this processing = especially where speed and accurecy

are mocded - can and should be redused to machine operations, bub, with o

present technology, thaere are certain sters which are far mors simply and

0 it 0 s a5

effectively carried oui by & person than oy & machine, For e«xample, one

!

of the fixst steps in an air 3efense system, and one which is not easily

o - 4

avplicated by a machine; is the isolaticn and tramsier of pertinenl information

e

from a radar scope face, From ali the random noise and background reriectlons
cn the scope an aperator muzt single cut thoae 'hlipe? which are aircraft,

3 and this he et introduce inbo the rest of the system, say, as = -=i==
telephone messaps. The question ardses as to how much information he ean

process per second over & zustained pericds

It 15 slsayw that for any specific problem of this type; an answer
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Vy
& gy AP G Tedb ¥ ol () B

p=

eole " e y ; 1 0 TR vy e e

R e e LA




—

-0 oo e

et Mt e - et e et

e

—~~

TN Pa-mAR 15 e * . 1E TIPS ATy W T2, D00 100 b | B R e BT B, ERRA AR

e r—— 8V

=82~

ean be obtained by direct axperiments on the trained perswinel using the
equipment, On the othsr haiad, the quusticn arises whather it is nocecssry
to study esch row situntion separately, ar whether the pertinent varisble
is the amemt of infornation in bite/sec which will be presented to the
operetor as compared with the maxirmm amowm:t he ean bandle,
That is, can we treat a human being ag a chennal and so determins
a channel espacity for him? If this is possible, it will certainly simplify

T L

the design problem, for it 13 generally noi 4oo difficult o determdno the
rate of information flow in the machine compenente of & system, The qusation
of whether 1% is useful to 4reat mem &5 channels in cerdain situations remins,
4 the oninion of many, atii]l an open provlem. This is not our qusstion heres

we need only reccant oz of the sluadiss =hlch have bedn executed to determins

'IJI

as & channel,

Considering the theory presented in part I, two procedures to
estinate the capacity seem pessibla, Iirst, fros vhatever uhysieal, rhysioc-
logleal, and psychological facte knowa and relevant to the type of trensmission
bein;z empioyed, to make an estimate of the channel capacity. Second, by
varying certain variables and by employing diverse coding schemes, ¢ find
the maxirmem amount of informaticn which he can be caused o handle., This,
vy the Sundamental thouiem of Liuformation theory, affords a lower bound
on the capaciby. Roughly spsaking, the first procedure has resulted in wipe>
bounds of the order of 10,000 bits/sec, while the second yields a lowew

bound somewhare 4n the wanee of 10 Yo 100 bits/sec. The consensus is that ihe
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lower bound more nearly represents the human capacity, but no really stwrong

argument exists to aupport this view except thst no one has yol, devised &
) wey to achieve a hijher rate. Ve sha)l now examins those estimates in a
l 1ittle more detail,

el Upper Bounds
Posaibly part of the difficulty in ocbtaining a satisfactory
estimerte using the first procedure is the prscent lack of an adequalic model

< i 2 i R 6 8 B o

ke o

for what happens functionally within & perscsm: whisn ha is processing information.
Thva, indepencent measurements on most of ths *channel.' = whieh iz zuxsly

47 01 R D O 4

nct hemogeneous in its properties « cunmii be had. As e wesult; the estimates

which have been made a6 & 5a2s ¢nly concarnad with the peripheral

{ aspucts of the chamnel, Wae will cite in a momsnt anoihsr reason vhich hasz
! ‘ been offered to explsin the JAffc:+ns belwecn the upper and lower bounds.

SN e e S i

i Lieckiider and Ifller [E3] have pointed out that an estimate of
the capacity with respect to auditory siznels esn be obtained frowm a result
of the theory of infogmaticn for castinucus systems (see the appendix), It
is Xnown that if the bandwidth of the chanmel is W cycles/sec, and if ihr

VS e v

noise and the signal ave simpily additive with a power ratio of P/H, then the |
' cayacity in bita/esc i given Ly

N e Tne (1 + 1’;)3
S AR

: Por auditory sigcnais = bandridth of 5,000 cycles/ssc is ccnservative and a |

mipgnnl-to-noise ratis of 30 db, or a power ratio of about 1,000, is nct

‘ 1 )
r wimsual, 4n whish snew thoe eapacity must be sbout 50,000 bits/sec. In
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actual atiempts to transmit selactive information by auvditory msans. a rale
as high as 50 bits/rec 12 umsual. In other words, the effiniency of the
auditory system muat be considered to he about 0.1 per cent. Lirklider and
Miller offer the explanation that most of the information transmitted bty an
auditory signal is peraonal informution about the origimator - his way of
speaking, his mcod, and soms of his lingnistic history, While itds may well
be ths case, it is interesting that no one hus yet devised a way Lo use thia
apparently available zpacity for the transmisaion of preassigned selectdive
informaticn.

A far more dstalled estimate of aunditory capacity haa been made
by Jaccbscn [hl, 45] using warious data sbout hearing, such a3 the total
murber of monaurally d.{etinguis able Yeaes, He eomelindes Prom his analysis
thet one ear should be able to handls about 8,000 bits/scc, and with very
1oud sourds, 10,000 bita/sec. Tf ip known ihat there are approximately

29,000 zanglion cells firom the 2o harce the average rate of information
transfer over a nerve fiver is aboui .3 Liits/scc. However; he points ot
thut *T4 is very unlikely that there ig any Linary or similar coding in the
sochlear nerves, I% i3 conscquently not partiemlarly meaningsfu? in state

that the avarage informational eapacity of a sinple cochlear fibar i about

0.7 bite/sec.” [zz. %70-h71. 451 This resvlt, hawover, can bo franslated

into the equivalert mumber of tones whieh can be dsitinguished on one fibar,
andl he obtains L0 tomes/ses.

Jacobgor: [l] has also carried out & similar calculaticn for the
oyu, taidng into zeocount facts known about discriminability, etc., but

e a2
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iguoring the effect of eolar. He obtains an estimate of .3 x 106 bits/ses
for cach eyo. From this one esn conclude the maxim: average rate over
eash neural {'iber mast be 5 bits/sec, The inclusion of color would, of
courss, reige this astimate,

So Par =5 w» have Jatermised, thess are the oaly astimates af
channel eapacity wrdch ara baged on messurementa indepandent of the acival
rawe of isfwwmation fics, Wa twmm now %o estimates of how repidly informa-
iz of a partisular type ¢an be, or rather, has Loen, ecauswd to pass through

& parson,

h.2 Lewer Bounds: Muximm Obseyved Bates of Information Trensfer

Lst us firat consldar the transmisaion of langvage encoded informe-

Mon. Miller [67] podnts out that if we considsr the zverage measured length
ol wowels and consorants = sbout 12,5 sounds/szec - and if we wrew %0 suppose

wWat they are oqul-probebls and indepeadently selected, then speesh would

T (s 3iv]

e s {4 P

convey information at a rets of 67 bits/sec. If, however, we take into

acocunt their velatiwe frequencizs (Dewey [11]), thei: the zate is raduced

P R A T N

: to abeat 50 bits/sec. Farthsr, if we take intoaccount the fact that vowels

and consoasnis tend to alternate in English, the ectimate is only 6 bits/sac.

Finally, on the besio of Zipf's law, Miler cotimetsd that there are 10.6

bitsfword (section ¥I.2.3). Siace a speaker cun sustain a mexizsm of ahoud

Vi GIJUNY

b brarw 8 (P

3 words/sec, thc tramcumission rate using gpesch 2an ba no mowe than 32 bits

Jane

§ s -

*The maximum efficiency within thwe restriction ivposed by the rhonstic

!

! pu structmre of English words, therefore, is about :0 per cent.® [p. 798, (T3
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In prantice, howewer, an ordinary speaking vocabulary is not as largs &s
agcumad wohen Zipf's law is called for, ner eon 2 parson usefully employ &

speaking rate of 3 words/sec. An assumption of an equi-probable distxibution

l over & vocabulery of 5,000 words which are spoken at a rate of 1.5 words/see
- yields an inlorwation =sta &2 13 bits/sec, '
In addition, as Quastlier and Wulff [82] point out, the vario s
rate estimates using 2ipfr's law ignore the constraints amomg words. They

-l

eite evidence tthich sugegests that the guessing of a missing word within
context msw bha correst as much as 30 per cent of the time. This redusces

SRR 0 0 A SR B A B

the information trangmission rzte to about 7 or 2 bits/yord, and if we
asguma that 15 per cent of the werds are incorrectly received, the estimate

mst be reduced to 6 or 7 bits/word. Using Ifiller's spaaking rate of 1.5 E

words/sec, it appears that, from 10 to 20 bits/sec is a good average rate of
wonsmissica, and that with Fapid spesch the rete may cet as high as 25

vits/sec

Quastlor and Wulff rsport date on ssveral otkar methods of

§ Bl g el Bisiee g e s ke ..
SERAR A0 I M i 4 1 Bl

iy

information trunsfor, and in summary thoy find that 25 bits/sec seems to
be the maximm rata, In all cages, a mechanical rosponse was required of

]

thes qowifded that mechanicrl lirdtations were not dsteruining

.e .
the subiact, hut thay coeified

an apparent rate ty showlng that higher rates could bz achieved if memorized

4 s e e b -

matericly ware used, Ths first expurimsut Uiy dseizuod wwag based on
i 5

typing, bui it was known & priori that chis wowwz nmov © 7 7 77 - Tastest
nreoseible rntes, since text can be resd aloud faster than a typlet can take

(o213

——————, P

it dowiis Fue wals saperimont, »andem ssquences of letters were dram from
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alphebais of 4,8, 16, snd 32 symbols., Three typists with from 5 o 12
seara! saporionce were paced by a metronoms at 2, 3, lj, and 6 bezts/zec.

In gensral, the errcic W .ich occurred were ths iranspocition of letters,
and so it is 2 question &s to whet! thsse sbould be treatcd as cae ar
two errors. Depending on thiz, we obtain the foliowing upper and lower
bounds on infarmaticn transmditted (section 1.5)

Alphadet sise
| i 8 1B 32
Grper Bowmd | 6.7 10,5 13.2 16,7
! 38 7.4 1.8 13k

£l o e RIS A 0 S o 0 41 S i

Information Transmitted in t:its/sec

It wa= found, o2 wonld be axpestsd, thai willi the higher mslaonome

e - ¥ AR 4 e 4B

speode and wizh the larger alphabeis, the greatesr percentage of srrors

oceurred, For 8 zand 15 symvol aiphabsta a spesd of 3.2 + 0,2 keys/anc

sopressntsd tho highest effective spoed, aad beyorsl that their precision
z0 dacreased as to keep ilis irarsmission rate ebout constant, and heyond
4.5 keys/see the quality of their output decreased very rapidly. Uith b
ZyTbols the offective speed was 3.5 keys/cec, und with 32 it was 2.9 kesys/ze&s.

When the mubjects wereo not driven by = medronime, but wers lastruetsd in

type as rapidly as possible; it was found that the raie cf iransmission was i

= down abornt 9 per cant,
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! ‘! A sscond exnariment drew on the sight-reading abiliity of wWizres l
young pianists. They were pr2sented with random music (notes selcsted i
using random numbsras) and they were paced by a metroncme which was graduslly 5
increased in tempe ovix {rials. Tipe recordings were rade and each of the: %
‘ subjects scored each ¢f the tapes for errors. The agretasnl was fair, brd §
both & low ccunt {srrurs dotectad by each subject) and a high eount (thoss ?
detected by at leust one) were dsterdned. The information transmitted :
was computed fyoar the sxror cow:t and from assunptions about the erow 3
patterm, Again, veversl different 'alphabets! were employed: 3, L, 5, 9, 5
15, 25, and 37 keys. |
The dztc show that the highest speed for which the arrar rate !
, ‘ remained low deacreases fra:: 7 Leys/sec £ur an alphabet of 3 or L keys to '
% ;r 1,3 keys/sec for the 37 key alphabst, This dasvazsed speed, couplad with 3
% an ingrease in error rate, Lesps the information (rensmission rate at ahout :
’; : :% 22 bits/sec cver a fairly wids range of speed and alphabel cims.
él: In ecntrast to the typing empariment, iadividual diffexemcesn
% bscans apparent vhen the subjects attempted to mxcaed thels iLimits. One §
;’ kept the error rats low by failing %o keep up with the metisonoms, woothwr

e e

owmba e e (Famha 8
Lk e il T o
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kept the puce but allowed the error rate to become largs, aud the third
Leld the pace for peyriods and than he would lose the beat.
A third sat of meteriale ifar dstermianing capacitvy wo:o: Quastl-a

and Wuiff have studicd is mental srithmetlc problemr, They poinis ont that

in caleulationas,

- . I T O | B AR R N iy A 8 Fhe SSRGS K LA ST 00 e T
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if certain plzusible assumpiicmz arc mede about the infarmation involved

as
and 1f the published time data on go-called 'lightning
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eslonlators’ (people whe are noted for rapid mental ealewlations) ara used,
cne obiains ax estimnte of 22 45 2l bits/sec for the transmission rals. The
feat of such psopla appesys, therufore, nol 4o be a Ligh rate of information
transmissicn, but rather a tremendous storage of information for short
pericds of time, In edditiin; Quastler and Wullf conducied sxms slple
expeavimonts on mentel addition of colums of Lipures, (m tha averape
Ry foemd - gpmin Wer meldng sawe plaugsible, but dsbatable, assumptions «
a rate of 6 to i pits/sec; but onm amsenhicnsl subject msiained a rete of
23 bits/sac.

From “hexe data, and oll.ars mot pmblished, it appsars that it
15 #fPicult to mause a subjuet wio is employing familier operaticas to
axceed = ist us be generous = S0 bita/sec, even though present estinmates
of ear and qye capacity exceed this seversl bhurdred times, It ceriainiy
seems an open problem toixring thesa two estim:tes closer tog:ther, either
by Gavising a method to employ much ms of the apparent eapacity to trsnmmit
selsctive information, or by a more detailed analysis of the humar beiag
ae a chamrel to show that 50 or 100 bits/nec is traiy hils limit. vacivsca's
coments on this disparity are of interest. "Thua 1t ir evident that the
brain ean digest 211y less than 1 per cent of the informmtion owr cirs
+#111 pass. 1% mst be appreciated that the ear is & chanral vastly wider
than its spprehernsibls outpat, It ir the abilily of the hrain to scan for
those portions ¢i the auditory signel whien arc of interest vhich makes the

r -y

wide eapacity of the ear maximaily usefule® { ps 4T1, 451
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| L3 Other Observed Ratee of Information Transfer

Yot all the oxperimenis, or the obsarvations takern, on rate of
i . infoemation transfer have resulted in rates as high asg those described
a ve, FEvidently the mode of presentation of the information vitally affests
the rate at which it can be handled; if th’s conclusion iz true; them the
naive prozram outlined at the beginning of ¢:ls section must be modified
to sone dgree.

In this eomnsction the results of an experiment performed by ¢

A D S DL B i S e

Flammer and Muller [L9] are of interest. The stimuii consisted of five lights
érranged in an zre: & corresponding set of telegraph keys was arranged

under the sub)jsetts {ingers. The gubject was to press the keys correspending i
to those lipghts which wers on, By usivg various mmibers of buibs - tie

subjects were told which would be empleyed = 1, 2, 3, 4; and 5 bits comld

be acuieved in the presentation. In addivion, the stimlus cyrlss whidh

consisted of iiglits on 50 per cont of the cyels ond off the last 50 per
conl, wes prosanted at a rate of 2, 3, 4, and 5 erciss per second, The
subjects were all trained on ths apparatus for several weeks, and the
practice curves indicate that they had cumpietely stabilized by the Lims
the expoiment was performsd.

& fizsd nudoy of bite in thectimili, it is found that by

Y e
FOUL

TR T I TS RN R, e

varying the rate of inforrmation presented there is a nearly linear increass

e

in the tyenomifted 3ufareation mbil a peak is reached,; after which the
tranemisrion rate falls mariedly. Tie location of the peaks and honee i3s

walue, is an increzsing functicn of the mirher of dbits in the stimilus,

4+ A PR S 5 0 M e 1 s s A GO
e paart o e o0 o

N & W v W ] . . = g £+ 2 T P TGS T S e e

—




oo it PR A e S VN 0.7 oS T A W s B S R N R N I 5 ST AR T R B e

T eE

The approximate valuss of the psaks ara?

Information prezerted in bits/stimlus

n A& sl 1 2 3 h 5
Tofo. in bitefsec | 257 GO B G 105
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The deeay ¢ the peeformance follimring the psak ls remarkabls.

ae

the case of & stimiius with § bite. the rwzi of 10.% hits/sec occurs I

El

¥

when the Lmnt wote is approximately 13 bits/sae, When the rate is increased

¥
4

to 15 bits/see, the transmitted information has dropped to 6 bite/sec, This
drop is, of erurmn, due to & radliesl incresse in the werror rate.

T ghonld de msuiiomea thiat whal ws repori arc average results,
ancé the authors present data to show that there is considerable individual
wardation,

Mewr, it im clear thal the maxirmmm »ates foond In this eaxperimewd

are lass thaa those deseribad in mecticn IT.L4.2 above, Iz m=ny respects

W s, 1 A S e o A

this experiment and its conelusions are noreclosely related tc those descrioed

an tha naxt ssstion on reaction times whan it is 0 elther the »
]

vaveamanasd b rue P

typing, or misic esperiments. One important difference is that in the lather

S0 FTLY VY U 0 Y AR T sec o 1 prer erenn |

experimsn,s ths stirmld ape befors the subjecis at a1l times and hence the

¥

: roceptor mechanism can operabe wilh a comsiderabla lead ovexr the response

i
, mechanism, whereas sush x large lezd was not pessible in Kiemmsr and Mullerfs
z

study. I35 thorefors appears Yo be mure neaviy a ‘ecunbinoously? sxecuted

reactionstime =xpordment. This cou be supported {rom dabta they present,

)

o e o s -k ~A Y B § A

e e s i e o e

T o N i A O T T e e Y R B D R R




P it 5 L 2 S o P AR 7 S RIS T mwa P W}ﬁ-&m“u‘*": T L oTr e

% Typical reastion-time experimenic wore run on the sams subjects. &vd a
: comparison of ‘the inverse of the reaction time %o the stimlus rate (in
: stimli/sec) st pes': transmission is rcvealing: ’

Bits in Stimalus
1 2 3 L 5

¥ 98 2@6 246 2511 20’-!

3
3.7 2.4 2L 2.4  2.b

b e T M) il § Bt

The Felton, Fiitz, and Grier [18] study of commnications at ) !
Langloy, Mocussed in I7,2,L, 7islds sowe data on operational »atss of
information handling, Using 'information elsment=? on which to base their

caloulations, they found thial during a single landing the follaning msbunt
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and rates of informatilion woie employed by pilots 2nd towers

t
! i Traosmitied Rats in |
H in bits bits/see
i 1 R
3 Air 134 S

T 133 10,3
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However, it will be recailed thal they determined that there was a very dgh

e

3 ? redundansy in the transmisgion, and If only ‘new' information dia considareds
i
l ] 4he table becamass
By
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Newr Information Rate of new

Transmitied in bits information trangse

mithed in bits/sec

x o e
S —————————— -y ] DL LRt L R ¥

Alv 22 1.6
Touwer 29 Za2

' Either set of rates is beluw “het wiich we have scen is possible for spoechs i
E Hick writes, %is & personal spesusavion from sush fata as ave !
%‘ available, it sacms likely thabt {ransmigsion rates £all into thiree falily
E disztinct claszeai=
E 1. High rates of 10-15 bits per second,
i: 2. Modsrais = 56 bits ver second, | 1
§ 3. Slow - 3«k bits per second.” [pe 68, 351
| g He fecle thot these Tates are closely correlated to the mode of pressatation
i E of the information. High retes are oblained only through simpla fimitation' i }
; E ecdes of the type wo learm in childhond. lModewate rates are Uypical of Bl
i ¥ ‘acbitrery? specially leavned codes in which each signal has a high inrormation ;
! g cortomt, The lwr rabse resuib from sxbitraey codes hawing » oy informetica
% ;;: contant: par sigaal ard a high ranic of presentetion. As & pariial and ' . '
' £ soaculative explanation for rates less than Pwll copacity Hick commentss |
{ § Wit for varicous reageps I an inciined to suspsct « I world cariainly not
i g be more definite than shat - that there is a tendency, overcome, if &b alil,
' §« only with leng practice, #o sidslrack one ¢r two bits per discrote movement
%t az a kind of moniioring Sfocdbucl, TH wonld be originally noecengert in the
g i coree of developing the ekill (tho code being, as stated above, rslabtivels
& ’
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arbitrary or iumatural'), and mey be retained, perhapg as a habit, or
£ perkans to keep the skill up to full ¢ ricicmer, for a long time after
that,® [pp. 70~T1, 3%]

Se Reaction Time and Information Trausier

Our present opic may, in a seusss be considared a contimuatlon
of the last section on capacity: here we ghall deal with what mtightt be
: ealied ‘momentary’ capacity, Previocusly we considsred long samples of
gemuentizl stimuli vo whieh the subjact respended more or less continwouslys
oW we shall considse hie woaction time To & gingle izclisted display. The

questisz is whet charasteristics of th: dispisy noed be considered in order

to account (simply) for the ohgerved reastion iuwes. The hypotheris, very

generally, is that the information conieuv of the display is tho relevant
varigble 2nd that the reaction tims wiili turm out 10 be a vory simple function
of it - namely, lirear.

Thore urs, acrords €5 Anformation theorr, o mmbar Sf v in
 J 47

TR}

which the irformation transmitied can be varled: 2) by varying the mumber
of equu-vrcbable alternatives, b) by altering the provabilitles of the varicus

| neoo e i e

choices. ¢) by introducing sequenisal depsndencies betwoen choines, and

o~ Wobs s o8B P
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d) ty allowing errors (noisc} to ocowe. In the theoxry theses ars equivalanis

B L

Bt

whothor they produced squivalent human respo.. 28 is an empiricsal problsm,.
In the Pirct exporimeat of the sories of three w2 shall discuss,

122 T3} considered cases a and d. Ho prosented subjects with a stimulus
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in widch ome of n equelly liieiy aitcrnatives would arige, and the subject

had to respond as to which oceurred, His hypothesis was that the reaction

time (RT) would be proportionsl to the informaticn in the stimailus, or,
in other words, the rate of information transfer would be ccnstent. There
is, of course, & difficulty in assuwing RT = k log n, since whenn o 1
this wvonld require a Zero reaction timo, Hick suggests thut thers are

really » + 1 alternstives, since we have ignored the case of no stimmius. g
While this scems reasonable, it is difficult to accspt his asgumption that '
all n + 1 are ecni~provable and tiab RT = k logla v 1) Howsver, he finds

that data taken by Merkel [6}] are weil it hr chooging k = 0,625 and that
his own ave fit with & = 0,518, Sinea a fixsd dslay, indspendent of n, t

s s

seems playsible, the function ¢ + ¥k log r might seem intuitively mers

sufted Zo fitting the date, but it does nob fit either get of data as well, {
Thess Iite were odbtained vith n in ths rangs 1 45 10, i.e., up to 3z little

Py AR

more than 3 bita.

Zwrping 1o methed d ol warsing the information, Hick poinis out,

-

Moee if the subjeci; can bs persuaded to react mors guickly, at the cost of
i a propm.-tim of migtakog, there will be a vesidual eciropy widch should
; | vary direciiy with the reducition in the average rezction time.* [p. 15, 3k !

A= avnowiwont. wma nerformsd In which the sibiects wers presscd, aed the

JUSTESIPED )

exroxrs were aken inte account by somputing sm equivalent arromw-iTee n,
Do The renction timw data whan plotted against n_ wers found to bo £1
rratty woll by She enrve obiained for the swroviessz zass.

(" Ap Hick's gtudent Cissuman slales, "ihe TEiginal eviduiace tuat

l
!
5
|
i
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s information meusure was the appropriate cus to use for interpreting
sholoce~reastion timss wae simply that tnc logaritimic fmetion osours in
both. Thiz in itself is not strong, since logarithmic relations occur sather

S48, 1% 9 M aime

often in biclogirsl noammement. Tho case becams uwush Strmgsr wiik I25k's .

findiac that the weduchion in respon-aé;-t‘.'.n.-e whore arrors are parmitted - - s o

cheyed tha same law.® [p. L1, 10}
In Hickla experiment the rate of infcemetion twamefar was gbowt
5.6 bita/ssc, a value which is low compared with the largest obtained

using a 'eontinmous' gHirmll prusontation.
Hymau [}1] has exuxized methods &, by, and ¢ of varying the

el S T T S PR ey

&1

information when the performrmce was kspt errorless. He states hig hypothsses
a5,

%1 ) Reastion time iz = montonically insressing function of the f

ancemt of information in the stirmmiuvs series.
®2} The regression of raaction time wpon emount of Information in

ths same whether the amouxt of dnfParmation per stiming = veried by altering

& A = o

the nurber cf equally probable 2ltermatives, altering the relutive frequency
of serwmgsiwes of portievlar alieinalives, oF allering ihs scuvential depende |

encies among vecurrencea of succesgive stimli.® [p. 189, 41]

o marm ey ba &

The stimnlus preceontation vas by means of a meirdix of lights

——— |

with & range of O to 3 Lits. The subjoctas responded by means of a vocal

key. which seziar to riald mare prasiec mesgurements than ths hand-oneratsd

HE I T e e R [ R - (N MO RS o 15 PR R A g

kuy of Hiek's oxporimert, The sublcete were givenmmplete atatistical

information sbeut thesiimmlus and before sach tast run they were given sample
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sequencye formed 2ccording o ihe appropriats Jiatistics. Four subjects
were used. The sarrelations reported below are the averags of the four
ecrrelsitions compriec fo each subjact separateiy,

In the rirsh phase, the number of equi~probable alternatives
wrere varied and a correlation of 0.983 was found between reaction vimes
&=l inZormation in the stirmli, This coufirms liiek®s rosuits. In the secomd
phagse, when tha relative frequencies wire chanped, ar averags cuirelation
of 0,975 wes found, In the third phase, introducing sequantial dependsneies
resulted in a correlation of 0.938. The iast correiation is significantly
lower than the othes> vwe.

Byman concludss from Lis data that his second hypothesis, whils
not uccertable at the 1 per cent lovel; is acceptabls at the 5 per eeat lsvel.

In discussing the gecond phase. he points out that the reastiom
tires o1 the less probable ervents were meh lamger than those of tho more
prebable ones, and that the Cticm time used is astually a walghted meia
of those, Crossmam [10} examined this phsnomeaon in greater dstail as
mothe test of the central hypothesis. "When a subject responds to a
sequence of signals all of which belong to & known set but saue of wiich
occur more {requently than others, Lis sversgs response-time wiili be pro-
porticnal o the average information per signal, This £cilowa from the
hvicthesis that the subjact deals with informatica at a constant iate.®
[ps &1, 10] To test thie he used a sorting tesk or ordinasy playing curds
and by vsrying the dizscslons on whiclhi they were to be sorted he vms sble to
examine the reaw:ton timns ovar a rangs of O to 2 bits/card. The correlation

.
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Lelwoss reacticn time and infoimation in a card was (.86, and vhn the
data are plotted it appears that no simplie curve will £1{, them hotter than
a straight line,

Crossman addneced evidence to show that the deviations fiva
Uineartty wore duz to difforentisl difficultiesn in discriminating the carda

in gifrerent ciasses, On ths pasis of vhis De mede the important cbservatiom

thst thave 48 %, &8 mjor difficulty in the use of information thezry in
psychiology, for information theory in the discrsic s256 siatad by Shannon
says nothing about actual signals and the presess of distinguisir'ng them one
from another; 1% denls cnly with abstrast svmbols already identified and
distinet." [p. L9, 10] This, of course, suggests carrying out a similnr

A sk A R A T B LG S5 S R RTINS R o e

experimont using only one dimension of discrimination and causing the
| entropy to vary along it. This was dono and the £i% was imprevad,
On the basis of his data. Crozs=man eoncluded ®,,. cur hypothesin

-l that rete is constant under variation of relative probadilitiss is uphelrd
3
by thase cusezvations, with the provise that 'discximinability? of sdgnals

A e o s e o

shemld be equal in a sense ywt to be precisely defined.® in, 5C, 10]
From these data it seems rwasonsble to concluds tentalively that

> A Al VURRIHE i B4 W I BB DS S s = i

the rate of information tranafer in 2 reaction time a:periment is consiind

A e g

when the informatica in the stimulun iz in the range O t¢o 3 bits, Sines .
this conclusion is not in conformity with the observations made with &

- AN

Teontinc - stimil presentastion, it would cerbeinly be intersgling Lo sae

-
i

e

whether the rate remains constant whon theye are mors than 3 bits in the stimulus,

Y
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and aleo to ses wamiher an cxysriment can be foumd with ths rele constsm.,
but rmeh levrer than 5 bits/sec, for the range O to 3 hits,

6. YVisuai 7hreshold and Word Frequegcies
in W lsst tigss oo mthmbasbeemasmaotexpm
relatine the visnal threshold of word reeognition {as given by tachistoe

scopic msasirementa) tn the frequency of their ccourrence. Originally,

the program steimed from work on tw lrumer-Posiman iypoibssls that wentancem
vhich relate to things liked are recognized with less Gifficuli;y than those
relating to things disliked. Fvidence h&s accumlated that ths major reiavicn
iz actually betwssn recogaltion ipeed and the frequenrter of oscurrence of

the word in the language., Howss [39] eltes dota invelving sentences. and
Howes and Solomom [LC] eimilar cata involving only wordse In the latter

ease, vord wqaaucy counts wers cbtained fronm Thorndike and Lorge [971

&3d thurn wme Pomd o he o correlation of abent 0,7 between rocognition
time and the logarithm of word frequency. Homs [39] and Miiler [68]

cenarate 4dnte talem by Solowon in which seren-letter Turkish woide were

nsed. Thesc wore written on cards which the subjoote sindied. Sem wimds
appeared on maay sards, others on oniy & i, 50 thers was differentisl
axposure to thogse new wordS. 4 sormwooilon of <038 war found belwoan
recognition time and log frequency. King-Ellison and Jemkins [i7) rapeatsd
Solomon's cxpariments with some slight veriations, ineluding the wse of
artificial five-lieticT words; and thuy chiained a covrelation of «0.99.

They point out that a relationship to information theary is suggested, namely,

1y -
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thut recognition time is a linear functicom of the informetion trenemiticd
by 2 word, The earlier comert wo Guc*ed from Crossman, namely, that
logarithmic relations are go common in biology and pzychology that more
mst be estahlished Lefore an information theoretic model is aasumed, is
relevaal here. Furthor studies appear to be needed.

7. The Informetion Transmiited in Absoluts Judgmentr

YVhan 8 subject i3 required to place stlimli whiclk vary along ons
dimension, such as sigze or loudnsey, into N simpiy orasred cabsgorics, —usk
i as the £ivst N integers. then hs is said to be making sbsolute judgments of
the dimension of the #timli., For example, the stimii might Us purecass

at 300, 150, 230;...,1.000 cycles/sec. Bach time a tone is presented he

| rust place it in a category as accurately as he cane It is clsar ihat in

RN i I3 55500 SR AN [ Sk 0 A 65000 0 g o = T e s O A RN

general errors will occur of tho form: a tone with a lower frequency than

another willi be put in a higher number category. It is also ciear that the ;

IR el o i ssda e

error rata can nrobably Le dipdnished hy reducing the nunbur of catagories.

TR

- I W ey

o

Dy example, if he must place the above gtirmli in 21 categorien, we may

: evpect mora errcrs thon if he need only report whether a signal s belew

U T

or shove 500 cyelss/soc, for then there will be little ambiguity in his
=ind axcepl for those stimuii near 500 cycles. Such experiments have a

long history; but there has always been some difficulty in summarising the

P T L

da%a = just how shculd the error picture be summarized?

Carner and Hake [27] pointed out that the matrix reletinz input

stimdl to response estegories, with the entries the frequercies nf pairings |

T
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batwrecn ztirmlus sad a category, can be treatdd (with the obvious normali-
zation) &3 a woise matrix for a commulcation system, where the commmication
is of selective information from the stiimll to the experimenter via the
subject as a chainmnel. We may, therelore, compute the infoimatica of the
sbimuli set (which, of ccurss, depends on the relative frequencies of
presentatior of the differcnt siizamli) and the equiwnestion of the trans-
miggion, and iis lifferesnca-is the information transmitied. If far a curtain
troe of sbz2oiute judmment it dis foumd vaah 20 sategories allos the trans-
mission of 2 bits, then in princirle us much can be tranamitted using only

8 wasmbiguouns getegories. Choosing the categories so that there 18 no ambie
suity, i.e.. no arrors, mey be difficult, but Garner and Hake point out that
if the errors have & Gausgian distribution the condition is equivalent %o

a critewion of equal digorimdina=bilitr.

In another paper (30] they cite the major difference between the
usu2l gyror Analysis for experiments of sbsolute judgments &id the proposed
informetion theory analysis. An srror avalysis icaores the fost 9% if
the exror distributions do not overlap, there will be nc ombiguityv. The

informution analysis takers this into accounl; bub, wmiike the error anziysic,

it completely ignores the magnitvde of tho errors. There are some applleaticons

where it is preferable to have s rmltituds ¢f small errors, provided that

thexe 1s never s single maljor one.

L mumber of applications of this proposal have been made to diffevent

clazses of sbsolute judgments. Feiiazg [76] oiudied tenss which were spacec

seui=distartly on a logarithmic frequency scale from 100 to 8,000 cyclzs/eac,
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The subjects had tov assign a muaber to eachivne presentad. When thare

were 2 and L tones in the stimulus set, the transmission was perfect, I and

2 bits respectively. But with 8 and 16 tones, the cwrvs hecems flat; and

ths average maximm tronsmizssion wae 2,2 hits, or the egquivalant of perfze

ifantification among 5 temem. The best subjects veached the equivalent of

only 7 tonas. On the groundz that there ave knoum to be I o 60 identifiabie

sounds agsociated with speech and music, Pollsock felt that thare mmst bave

been a serious undsrestimation of tha information twansiitied, and so he

parformed a seriea of amxiliary exporiuepis to attampl to raise the walue.

Six different partiticns of the frequsncy space were examined, ancd the

frequency range was varied with the botiom held at 100 eyeles/sec and the

top moved from 500, 2,00Q, 4,000, and 8,000 evcles/sec, These variatlons

resulted ir only a feow perceniage points chenge in the information trausmitbod.,

He suggesi:s that the reslit is so low bacause of the acute seneitivily of the

information weasure to error, which we bave menitionad sarlier (sectim Teh.3).
Haigey and Chapunis (32] have prasented similar data on tho nunber

of sbsolutely identifiable spectral buss. and though thoy' do not 2ppiy an

informational annlysis, their findings ars of sume interest. The coliuws

were identified sequentialiy from viclaet te red Ly midars, aad Uhe mudjects

were familiariszed with thy mrberecolor code until learning waw completed.

In s test using 10 hues and 20 jJudgments per hua, they fouand that two

observars were correct in 97.5 per cemt of the judgments. These lLues were

selected on ths bagis of saversl esarlier experimentel runs in which more

buss wers amrloyed, bri & lower accuracy wee obiained, They note that
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sbeolute identifiability of 10 mes ia considerably bettor tuan had veen
previonsiy reportsd, but thsy attribute this meinly to different erperimental
eonditions,

Hake and Garner [30] applied thke information theory analysis
Yeeeo Yo dotermine the minimum mmbder of different primiss positioms whieh
c2n be presunted in f sianderd imi<rpalaticon intoernld %o tranumit the
maximm amcant of informstion, not about which positions of the pointer amw
scourring, but show!: the svent contimnme being represented.® [p. 358, 30]
Tro variatians were runt in the limitcd reaponse cage the suhiacta were
t0ld the values the pointer could assume and thoy were required to respond
only with thoss murherss in the unlimited response case mo suth rasiFiciica
was mads. 5, 10, 20, and 50 pocsibie pointer positions ware uscd, and the
data are summarized below:

4 10 20 50
Inforuiion m 2.3 3L 336 3
~ansmitted

in Bits Jrl mibed 2.20 3.02 3.0

LY
- )
Rezponge S

W

We obzserve tlat beyond 10 pointer positions the amount of inforustion transe
mitted 4in poughly constant - squivalert to about iU srroricss positicas.
There scass to be 13tile or no differince betwesen limited and vnlimited
== o= alload,
(T4

rsspomses as far as this unzlyeis is ;oucsrned, but Hake and Garass polis

out thal an error sr=lysis shicws that the errors increass when the aubjocts
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{ aye allowed wnliritod response.
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In a later paper, Garner [28] comments: "A muasure of informaiicm
¥ transmissioi provideas a means of specifying perceptual and Judgmental
acourzsy in situstions where absoiute Judements about various categories on i
1 a stimulw»e continumum are required., Tiis messuremeni allows the dstermina-
: tion of the maxinum number of stimulrs categories which could ke used with
.f perfect accurecy without the necessilty of sampling all the peseible nurbers
! i of categories. Haisver, this wse of information transmission 1vequires the
" i asgumption that the inhererd Judgmental accuracy is indspsadent uf Lhs
mwber of stimlus categories used experimsitally. Two experiments (Garner !
¥ B 1
3 ang Hske and Hake and Garner) bave shown +hat this assumption is quite '
i velid for gitvations involving judgments cf positicn in visuzl space, and
§ Pollack’s experiment demonstrates lis validity for jJudgments of pitch,®
; g [p. 373, 28] Garner then proceeded to exawmine its validity in judgments |
: & i
%ﬂ"f of loudness of tomss using L, 5, 6, 7, 10, aad 20 catngories. He found
: é’z that judgmeut accuracy was nearly perfec! for )y and 5 categories (perfect
[ . e
. § ¥sing 2 and 2.32 bits respectively), tub that 1% had dropped to 1.52 bits
P o 20 categories, which is equivalent to perfect accuracy for only three
% : %* categories. Thus the assumpiion is apparentiy not valid fox loudusss.
%
: ;g.‘ He went on to show, however, thac the information transmitted
Ty Y
i ] ,
} 5 corld be improved if both the obssrvers, L.e., the subjects, and the stimili
J g’_}f ware taken as inputz to the system and the responses as outputs. (See
g mantdson T.5.2 for the snalysis procedurs when there are mere % Giro
5 dimensions.) In ciher words, tiers was &..r.:sran'ls vairiabilddy ameng ke
t
§ i
’ :
| |
1 ¢ s PO 2t ) 2
- R e o
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i subjects when a lzrge mwbar of categurios was emplayed, A {irther reising
ormaticn tTanemitted, 5o thers is no dyop 2t 211, as

if the stimuli, the observers, and the preceding stimlus arsy ali taken as
Ivputa to the ewwlenm,

Flemmar and Prisk {181 sarrled ont 2 similar experiment and
analyeis but with two and three stimulus dimensions instead of one, They
Lol f1amed (6.03 ses) = digplay consisting of white dots on & black beckground
to svbjects who marked on answer sheet grids what they thought the position
dnts to be., The experiment was run bcth with and without grid lines

on the bdlack backegromad, and there was not found 10 be zn spprecishbie dfference

the informetion in the stimilus coculd b varied by changing the order of the
matrix of possible positions. From 3.2 bite (cxder 2) to 5.2 biis (order 6)
thess was an increnze in information tranemitied from 3.2 to L.b bits.
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With the situaiion sosizicisd 4o ihe wresontatlcn of ons dot.
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L |
$
From 5.2 bits to 8.6 bits (order 20) in the dispiay, the information trens- H
b mitted remained spproxinately constant. §
i 3
G Is addition, the mumber of 4dsts presemted was varied, and 1t §
. _ i -
. wee fovnd thav by using l dots and a mataix of order 3 (7.0 bits) 6.6 Liis 3
g s vere iransmitted. Further. whev from 2 +o i dots wore used, then a display
, a havine 8.0 bits resulted in almest parfect transmission - 7.8 bite. "It
? & is clear that the maximm amount of information tusi wai: U5 assizilated :
| Seom o brief visus! exposme i3 a funetion of the tyre of encoding used. £
! 5
i The quoestion immediat2ly arises as to whethexr or not there iz a common metyic
i -
: l & which may b applied to the diffarent meysage classes and whick will ecrrolate N
) 0_
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b with the maximm infarmetion-oarrying cpsoity of that class.® {p. i3, i8] ‘g%ﬁ
£ They observe tha® using unly one dimemsion or ccordinate (the iesation o é
£

& poir® sa » line) Hake and Garnupy fowyd & maxizmm transnission of 3.1 bits,

P PRI LEN

; u.!ing- the two cocrdinites of a matrix they obteined a maximm of ii.l; bits;

“Z and using the two coordinatss ¢ a matwix plus the one of the mumber of dots, ‘
:E%. they fomd 7.5 bits transmitiad. Tais suggesta thet the maximm inernsses :f
. with the xumber of dimensi
1;’_3‘: f Tn this commection, Christie aid Iuce [$] have suggested that a 5
'w careful anzlrsiz of the distribution of disjunctive reaction times in simple -

ehoies situations — ilkec iue ones descrided above « may permit a& model of
e ‘meatal’! or ‘inlernal’ sixucturing of slmple JdBCLEA0L PIUGESBOSe 1LEY

suggest remessnsing this structuring by & flow diagram (also called a

S R PR R S SR

network or er oriented geaph) which

A

indicates the genexrsl terpcral oxgenisation

of certain gross inteamal processing of Reppinsa 4 6= &= ¢ 4= 4Stdmulus

Seriel
the information. Two special and extrems
AT v - //&
casez are serial and parallel procesaing, . 3 §¢...Sf,l
whish are diagrammed in the figurs. In scme \\\5/
highly speculative comments they suggest Parallel
tbat parallel proecessing may be carrisd oub Fig. 5

o informetion which is prasented in what we intuitively call saversl different
dimensions, and that sexdal processing is aeffacted on inflarmation lying in

¢no dimensicn. With somg gimple assumptiocns, lusy show that such a medel

3o et AR e L AR P R el
b » 2 A 4 i A o .

i’ has the appropriste information trunsmission properties for a materix display -
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i at least vp to 6 ox 8 bits, If the techniqus they sugzgest - widch we ehall
' not deteil bara « 1s practical; then it muy serve to give an expiriecal
| dafinttion of what psyciwlogical dimonsion meuns.

On the bagis of the several experiments we have discussed, cne
ean oconeiude that for objactive rotings thare is, wp to a point, an incxease
in the infcrmation tranmmitted with an increass in the mmber of categories,

and after that point the I=Tormation transmitted either remains constant

or demressas. Bendipg and Hughes [3] raised the question whother the rame

i it s be ek A 64 NI D S SRR EP RIl I S . B e - o -

conclusion iy possglbls for ratings of subjeciive feeiings, 7To stady this, i
they had evblects aveluate, according to either 3, 5, 7, 9, Or 1ii categuries,

their knowlaeden of 12 different eountries. Anchoring statements cf the |
form "I know {a great deal) {something) (very little) about this country® |
are employed in three vardations: centexr anchored, both ends =aachored,

snd both ands and the center anchored. Information tramnmission, they !
found, was incrsased by an increase in the verbal structuring of the scale;

%.6., by tize anchoring, but the increase wee not ware mavkad, With tho anchoring

e e — Lo
e o .t P B - e e

hald ecnstant, there was a nearly rectilinear increase of information trans-
| mitted with an inerease of mmber of scale categories, exocept that there

was o deceleration in the stsp from 9 to 11 catepories. This efféct i5 in

| accord with the diminishing returs ohgezvad for objoetive sealing,

8, Sequential Dependencies and Imuedlate Rscall, Operant Conditicning,
Ome of the main poants of the 1949 MHlier and Frick [65] paper was

L to bring to the attastion of psychelogists that in informatlion thecry they

Iu-—a-. o M ek P i b & - — . S—— Oy h. Beam, ¥ o b s b
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hxd g tool ideslly suited o the characterisation of sequential dependencies
in the stimlus, in tho response data, o in both, There appear o have

been four aress of payckologleal study to which this obsservation bas been
aprlied: to the learning of written matarial 28 a function of thediatistiecal
dependencies in those materials, to the sequential responses obtained in
operant sonditioning, to the intelligibility oi verbal material as & fumotiom
of atatimtical dependanciss within the materizl, and to the ability of subjects
to perceive statistical dependencice in materlals. We sbail discuss them

in tbit order.

Bel lsmediate Recall

.

FRriefiy staved, ihs proticees 235 2

. L ] man  anm man) wmary = do
Sl San DESNLS TEamnUol

1
bl
(4]

sequsnces of symiols thot hawe warious degrees of contextual constraint. in
thoir composition? The experimentsl litsrature contains considerabls
evidence t: support the reasonsbls belisf that nonsenss 53 harder to rmembsr
than sense., This evidence has suffered, however, from a neressarily sib-
jective interpretation ¢ what was seasibie,? (. 175, §8] Uning Clummonts
mathod, Millsr and Selfridge [66] prepared 7B order approximations to
English in the following manner., A sequancz af N succsssive words wus
choser at randem from a comuected Loxb, and a subject was asked t o imbed
the pissage in a meaningfvl sentance., The first word in his sentence
following the original groww of N words was recorded. To the next subjecti
wag procented the last V-1 words of the original passage plus thse new wond,
and he placed this Neword passage in a sentence. The first word after the

passage was recorded, and so on. In this mammer they generated spproximstiors
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of order 0.1,2,3,4,5, and 7 in passages of 10, 20, 30, and 50 words in
iength, Using these spproximations to Englisk; plus meaningful text, &

standard recall experinent was executed., iWith the passage length held comstani,

Wiy fomnd that the percentage of reeall inersases with an increase in the
order of appruaimition to ™Mglish. In particular; for the 30 and 50 word
pageages the recail of ihe g oz 7™ ondar azpreoimetionz to Fnglish 4is
very litile Gilferent from the recall of text materisl of the ssme iength «

tthctandine the fact that the 5"h order is quite nonsensical and

This notar)
4% -
+ha 7“° order would by no moans be couslidered Exslish. With shorver pagdsages,

recnll comparable to that of taxt was achieved for even lower valuss of ¥.

Y

#The pesilis indicate that meaningiul materigl i easy o leawn

not because it is meaninglui per se, but because it preserver the short
range aasociations tha* ars familiior to the Ss. Nongsase materials that
retain these shori range sssociations are also easy to leavez, DBy shifving
the problen from ‘meaning! +6 tdegree of eontextual constraini? the whole
area is rescpened to experimonial investigetions.® [v, 183, 66] For sxupls,
one may ask whether thair conclusion is valid for uhe whole msmory decwy
corve, ov vhethar it holds only for short term menmory.

Simdlar jesults have been found by Aborn :nd Ribaustein [1] in a
slipghtly difisrept exporimental situvation. They devised an 'alphubet! of
16 nonsenss syllsblcs which fell into four easily distinguished ciasses of
four syllables eachs this clagaeificetion was sh~m to the subjects. From

these gyllables six ciasses of passages of 3032 ayliables wers consiructed.

PR 5

The merbers of the first class ware formed by randem selection of syllables,
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and the others hud incressing amountn of organisation. For exarple, oclass
four passage: were marked by commms into groups of four sylistles, and the
firat sylisble of each group wac cthouen frowm class one, ths second Ifrom

class two, etc. The subjects ware siiowed iC mimtes to study the formal
orgentration of the passage on which tbey sjouid be vested snd then three
mirrtes to learn the actual passage, after which they waore asiesd 0 roproduge
it as ascurately &2 possidle. Ths zuthors had two hypothssss: ®(a) Tha
amourid of learning in terms o syiiablss rocailsd iz groatem ou the orsaning-
tion of the passage is greater, i.c., as the average rate nf information is
gaellsr. (b)) Ths smomnt of learning in terms of the information ascore,

’

Y Ao

computed as the product of the mumber of syllables recailed snd ths svorage
rais of inforuation, is comstant for all passages.? [p. 261, 1] The data
verified the firgt hypothesis, but not the saccnd. For the first four paesages
the 0%l amoumt of information lsarmed was sonsbant, but it dropped in
passage 5 and oven moTe 5¢ in passagy 6. The breaking point wes bewwsen
1.5 and 2 bits/ sy lable, This wwsult simply reans thal the subjecis were
unsble 16 memorise oenougn syllobles to keep the ifaformation score high wien
the infommation per oylisble wes vary low, Betb these findings are in

conformity with thous of Millee and Selfi-idge abuve.
802 Operant Conditioning .

Frirk and Miller [19] bave reported an cpplization of theixr
earliar ideas for the measurement of stereotyric Lohavior [65] to the operant

conditioning of rate in a Skinner bax, Twe responsos were observed: aprroach
to food (A) and bar pressing (B}, "Instead of the usual apalysis in fermy of

-

~ A X, NG Y gl

I e ) '

-r

T RS e

LTt O s 100 S i D B S A B R TR R 1 o o e

T o Pl 5 S AR Sl T A

e L 5 A 1 A A A0 ) Ak



v e s

N

T e L, T L M N A I I T O M S DT T ] ORE  S e

B A

- = ——_ s v i

the rats of rssponding to the bar, the regulis are anilysed here in temms of
thn patterms of vespcnses.” {p. 21, 19] Three experimental phases wers
considered separately in the analysist a) Lzhavior prior to eondiftioning

{cpowant 1lzvsl), ©) eonditioning hehaviar, and ¢) extinction behavicr, Dwring

A% .

phazs b a total of 300 rsinfoicaments was applisd,

In 813 phamses the beshavior was yecoided &s sSegu

Bis, and the uncerisinties = in terms of the index of hchavioral sterectyny-

were compnted. Ti waz found that Vintersymbol! influences did not extend -
appreciably beyond two symbols, and the vaiuvs of the uncertainty in phuse a i
was 0108 for twe symboise Such a high valus wher thers has been no
eorditioning in a coneequencs of the facht that such 2 soguence as AAAA had a
pchadility of 0.732 of cscurrings indesd, the behavior of the rats was
more astereotyped bafore conditioning than aftere. “Ths training-period did j
not introtce order ints randommess, but rather caused the animal. to abandon
orio well orgeniged pattern of behavior for anothesrr, This needs some quaii-

fication, The lower stereotypy after conditioning appeare when s consicder

only the tezporal cxdery whan we try &5 ;zrééict which response comas nexh,

If we iried to predict 1s0 when “he next responss would ocour and how long

it would lagt, then the conditicnwd bebavicr weuld 1otk lass random than the
srs=conditioned behavior.® ([p. 25, 15]

Anothar aimle way the date may be dascribed 4s as points in &
two-dimensional plot of p(B{B) va p(a|A). In phase a of the experiment the
rots wore approximately at ths point (0.9, 0s75). This high persevaraticn is,
in large part. simply a reflection of the lopography ¢f ths Skimer box, ss

5 mnaw::mmm&mmmmvmmmmﬁ
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can be peen from the fact that 96 per cent of the responses separzted by
less than i0 seconds are of the form AA and BB, while this is redused t¢
S2 rer ccat for regponses sepsrated by mora than 80 seconds.

;’m.g c@fu?lh&uﬁ;x&, PpaasSS & the .

c,;hnoﬂ";/\ JA\ ]- Piase a
/

*~ Phage b
o .di. b’ﬂl.'. 'j

flase ¢

rats initially move down the piot and tiz: \__;‘

/

r
{
'
curve Slowly over to an 2 riws peint P(g;w N
of aboat (0.1, O.l4), &8s shown in figure 6.
|
1

Do e xtinstion i..‘..i‘ua tha mouioaciih
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of a rat ir this space is noi very clssr. ° e (AIR) ¢
Fiy.a
Thewe appears to be an initial terdency toward the conter (0.5. 0.5) of
: ‘the plot, or random behavior, but thers is considerabls randeu Teriation

over a large poriion of the plot. Over a 36 hour period thex: is a drift

toward ths initial resting point, but no stability is achieved in that
perioG comparsdls to that prior %o comditicning, It was not determingble
fron this data how long it takes for the 2ffezia of reinforeoment to wozz

4 S N A AR D
W TR 6 ) P9 1 o s

off’'s Ax in phase &, there is litvtizx diforcnes hatween the uncertainty

‘

s

determined frcm two successive rasponses and from more than two, and after

)
-

sote «cbinotion there is little or no differeuce in the index based on a
sinsle response and that baged on succesgive paira oi responses.
*The data presented s=d analysed [ir this paper] do mot provide
any startiing new insights imto uperant conditioning. Mos% of the conelusions
sean perfactly reasonable and obvious to anywne who has worked with rats
in 2 similar situation and obecrwed their generzl behavior closely. The
( impressive fecturs of such an analyuis ig the exbeis %o ~hich the qualitative
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aspects of the behavior can be incxrporated irio & completely quantitative
atecant.” [pe 35, 19]

0 3 Toh V92 IN2V24..
Voo AULCiiiidi/dsiuy

The data on the offectas of sequertial dependeacics on intelliid=
bility aro less dciaiisd thun fo Jaswning, bt thers ir an sxperioaxt hy
Milier, Heisa, and Idchtem [69] in which certain pross effects were womained.
Thae gvnlcorad the affents cf threp different contaxts on 1itelligitdlity,
namely: the test item is krown to be one of a small vocabyviary aof pasazible
itens, the test item is irbeddad in either a wood or a sentence; and the
tost item is imown to be a repetiticm of thes precedinug item, Tho matsrisis
uped were digits, worde in seatoveos, and noascmsa syllsbles, and it was
found that intelligibility decrased in that order. Further, the intellizie-
‘511ity of wonosylliables, isolateu words, and words in sentearves way found
Lo increase in each cagse as thc dormin of possible items wes ducroased,
nly a vexry sligat increase in in"elligibility resulted from the knowledge
that the item was & repstlilon uf the preceding cme. "The resvlis indicate
ikat far more improvemant in commmication is pessible by standsydizing
procedures and vocabulary than by mercly repesting all messages (me or +m
times.® [po 335, 69] This conclusion seems to confirm the military
practice using standardised lenguages whan ccnditions ars adveras. as
in air traffic control (see soction II.2.L).
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8.4 Pexesption

Hake and Hyman {31] raised the question of Just how well and Ir
whal! way neople perceive sequentizl dependenelss whizsh zre puiit into &
pet Of sUimulil, asd sy chose ¢2 evmawiza “halr results in terms of cetsin
conditioral uncertaintics « catropies ~ of the swhjest responass. Ths
experiment wag divided intc four series of rums. Dach rumm otmsisis of
2l presentations af or the cther of two symbols (H and 7), and those

see
preseutabions wore generated acsording to the foliowing provabilities and

conditicaal probabilities:

Serdiss
1 2 3 4

P(ﬁ) . .SQ 950 ,?S o'l's

'p(HiH) cSo 80 075 S0

p(V) .50 o350 25 <25

(ViV} | <50 «80 75 «70
Price 4o cach presantition, the subjscts werc sequired 4o prediect,
OF Eusssy whish gymhol would ooy, IThs problam of snalyeis is to determine

mem Vs mem mmarb P smnah -Mﬂ

..f.n acm:rately we can prediet Diz gwsss pevvaoos o anSS ToTiuis post e
amh ns his gueames and ths sybois whicn actually r':ccm'—:ad. Pcr the mt
140 trizls the following conditioral exrhmptes were axwmined: the entropy
of the gusss y when only the distribubion of 7 is known -H{y), the entropy

of ¥ when the distxribution 22 y and the previous guesy are knouwn A'y'\y),
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tls entropy of y uhan tae distribution of y, ths previons guwess, sud the
previous ocevrrents avs LnouR - Ev(y}, 156 entropy of y when the distribu-
tion of y azd the previous occurrence are known - H_(y)s and the analogues
of earh of the 1last tiyee ifur Wis WS prasading 4wiale; ingtesd of Iust

ue Thess data 2y summarized:

Serian
_ 2 2 3 L
H(y) 1,00  1.00 .76 .80
B (y) 1.00 .83 72 75
B (r) 99 o659 oTh 70
Hv(y) 050 oSh 68 55
1, () 1,00 .82 o712 o73
LG | o s m
B )| % 52 66 58

ertropy, is obtained when both hin smesness and the actual occurrencer on

the two preceding %aials ares imcwn, but a knowlodge of his gusesit and the

acturl ocecrrrence on e cingle preceding telsl ylelds a pre~iction which

4s naarly as good, and knowledge of ornly the cecwrrence ocn the two preceding
wrials i3 only slightly worse. Ib tlus followr that a subject rasponds

not only %z ihc actual events which occurred but also o his predictions

about. tham. 7This can be made quite apparent by compuiing tie prcbability

of a gwine of H when on the prededing trial a correct gusss of H was made, PFor
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series one this conditionsl probability is sbout 0.5, but foar the other three
saries 1t rises over trials and from trial 100 on it remains anproximately
coastant with a vaiue of 0.Y. When tha provability of an A guess following
two successive correet H guesmses iz plotted, tho curves rise mure rapidiy,
and even in scries one there is a rise from 0.5 to aboat T.75.

Ml oomaluds from mrr sridenca that Sz do not, in faek. nevecdwa
the probability rules by which the series of svents was gimerated. They
do paresivs; insiead, thoss shoh sequences o evenis Widch prscuce esch
prediction; which can be discriminatel £rom othur posaiols setuenses, and
wrich awa found ¢o provide some infcrma: lon about the futwra bahavicr of the
synbol sexries. Thare are several interesting conclusicns which we can make
about the vay in which Ss perceie these previous events.

", All combinstions of possible previous events ware nobt dise
criminated with equal eass. Same previous events, especielly homogeneous
rms of the sems gymbol, were nore easily discriminsted and ccnsiswn;y
reanonded to then wers others.

"2, The provicus evemts to which oar Ss responded on sach trinl
incinded more than ‘ust the symbols which had been gppeawing. Toey included
almso tht previcus predictions of Ss and ths dagres of corrsspandance between
their prodicticns snd the symbols which sppeared on previvuws trials,

$3, Thexe was coisiderable agreement eamong ocur Ss as t0 when
& particuiar symbol shouid be predicted. Thsy iovisd to respend to sume
gimilar or identicsl previcus events In the sare wiy, no matier which

series thay were grsddeting..o? [p. 72; 31}
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J. Immediate Recell of Sets of Indepsudent Selaciions
The subiect of this secticn is closely relatnd to vhat of IT.8.13

it was not included there since the main emphsgiz of that section was oa
the effests of Intarwmymbol d=pundenciss on immediate reeall, whareas here
we shall examine the effects of message length and the bite/zyzbol when

mm s m aam 2] wemsure e

thers are no dependencies among symbols. CFollack [77] pEeparcd 3555802
of from i to 2 symbols from sets of 2, L, 8, 16, and 30 sgni-prcbeble
Englis®: consonant.s and n'marals. These wers read in a uniform manner te
gubjects who were told in advance bolh the set of symbols and ths !nessage
length, and ‘tey were required to reproduce them as accurately as peosidbls.
Waen an eyror w2e made; the stbjeci was requssced to guesr 23 msny times
as was nacessary to oblain ilis correct response. In one versica of the
sxperinent, reading rates were varied, but "Rate of presentation of ctirmlus
materials (over the range considered) eppsurs &s a variable with little
gimmificance for immediate recall under ¢he zonditions conaidered here,™
[p. 13, 77, 1}

The data show that the arror eniropy per messege urit increases
botl: with massage length and with an incyezase in bilo/symoel, but that for
& mossas> of giver length the percentage of presented information which is
lost is approximately indepemdent of the number of bits/syrmbols This
percentage is, however, an increasing function of the lengih of the ressage.
The spror entropy imoreased in such o wannsy that the total information
transmitted incressed as the message iength was increased from l; symbols to

about 10, it remiined roughly constant in the range of 10 “o 16 or 18
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eymbols per nessuga; and 1t decreased for lonzor messagns. The (urves are
displmead upward with an ipewesss in bita/synocl, but they are of remarkably
timilar shape. ™(hLa m2in generzlisation s that cre canno} chtein gimil-
tenecusly both minimm information losz and macdimum information galw by
eimly varying either the length ci z masszzs or the number of possibie
siternatives per message-unit.® "These rei’tions zizz f:cm the fact teat
the percentags of the informaiicn progentesd that ir loat or gained is ine
dependent. of the number of alilernatives per un_i-bl and is simnply a function
of the l:mgth of iy message." [p. 12, 77, I

It is useful to fyraomform these data into picte of exror ertropy
and information transmitted vs total informational imput. It is then foumd
that Tor & fixed input, the error entropy is érmﬂler and the information
tranmitted is larger the larger the mmber =f bits/symbol. Thus, as
Pollack peinte ont, i? one ia interested in the sptimal encoding character
istisz for messages of fiwaed length, thers sre two answers,depending on
whether a high error count is tolerable or not. If, however, thic question
is whot are the optimal encoding characterisiics {for immediate rweall)
Por meanages of fixel informational cenbent; then the answer is unequivocal:
short, mesmages with a large mumber of alternatives for each message unit,

In parts ITT and TV of his gport, Pollack systumatically studied
the sivor behavior of his suhJects., Mirst,his data confivm the famdliaer
finding of this type of evperimsnt that ihe subiects ire most uncertain aboub
tha riddle portion ¢f the message. For massages of length 7; the reiative

uneeztainty of the riddle symbois Is s1ightly higher than the snd uncertainty,
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but 1t never exceeds 30, HAcwuwer, for messuges of length 2, there is a

broad platenn in the middle of th: message whdch has a relative uncertainty
of about .30, The broadness of this plateau Pellack abttributes to the

&1 B OA WL

great sorsitivity of the information measure ic errora. He notes thab

this uncarteinty curve aitcss its charecter with increasing message iengtht

for short mezsages it 3s positively skewed and for long ones it is negatisely

S Wl R e

skernred,

in tie fourth part of the 1eport; he ecstabliished the conclusicn
that, there is s5ill information transmitted (as comparsd with chance responses)
by the subjects on the second and chird guesses followiag an incorrect
rezponss. ‘In geneval, the additicnal information recovered pe» mesaage

i increasss as the degree of analysis of the multiple response dabs becomus

M LA | Bl Al IS L B M A 1, K i

' more exhanstive, Stated otherwise, we recover wore information from the

4 distrimution o2 responser if we utilize the first regponse follewing ins

A

initial incorreet reproduction, £till more if we utilize the first and

second responges lollicwing the initial incorrect reproduction, and still

e

more if we utilien the first through the thixd responsss folicwin = iattial

L]
ot
3

(LS

d.

55 saprodvetion. The megnitnde of tks informetion recovered incressss

ARCCrITEisy JTPToY

a3 the maber of alternatives per message~unit increases snd is, roughly,
indemandent of mespage-length {for mossages greater than 7 units iu length),"
[ve 8y 775 IV] As would be expe.:ted, this effect is a decressineg onse,

hut the decrease iz less rapid with larger mmumbers of slternatives per

19259

mageage-1mits .,
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% 10, Concept Formatiom
Let there be eight cbjacts which ave trilangles o1 cireles, large

or small, and biack or red. We may attempt to convey a concepi. such as

red triangle, to a subject by showing him the chiects onme &t a vime and

4 m ontems:

- o

stoting vhether or rct v gre examples of the dosired concepts A pesitive

insteancs ol the concept red triangle is large red triangle; whorens amildl |
black txiangle or large 7&d ¢ircie are negetive instances, Such experimeris

in concept learming have long teen performed, and the conclueiorn has3 been

draun thet negztive instances ave <f 1itile valve in icarning the sorrast

ecncept. Hovlaad {37), bowever: has raised & question sbout ilils ecnzlusion -

& quesion which stems from an ‘informetion analysis of the situztion,

what 18 not clsar ... 18 wastter the ineffectivoncss of negative instencas
is pEimarily actribotabie Lo their low value as carriers of information,
or wuether it is primarily due to the airficully of assimilating tre Informatiom
which thev do convey." [p. 161, 37]

Certzinly 3% is cleaw from “he above exarple that positive and
nzgative Tnotanzes do mot travemii the same information; sines only two
positive cxnea are required to gpeciiy the ccucspl, as couparad with six

nggative. Jt is, of course, poszibla to design & situsbion where the

2 ey BIPA2Z 1 S AR bl b e e AU foct oot el S R

megative faziomisz sarty ac mach o+ movrs information as the positive ones.
For esctaln simmle zemeral situations, of which the above example is
1llustrative. Hoviand has given formulas for the total nmuber of posilive

and negative Instances roquired to gpecify the concept. In an oxperimented

1
L e |
i ' & paper, he and Weiss [38] examined the effect ¢f posiiive and negative

;
z 1
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ingtanciss wben both the number of instances and the amount of informatioxm
&re held consbent, and they conclude thatever o the negative instanses do
not comtribube an effectively to learaning., UAt the same time the data
disprove the generalizalion nften cited that negative lnslanses have nc valus

in the learning of concepic. Tnder appropriate conditione ovey helif of ths

FY

d

Ss ware able tc read: Wic sormsot solutisn nelely on the haais of nepative

= IS e S  wa. —— el I¥

:

B e e . |

$nstanGes. {P. 181, 2

(&)
[ ]

Tandig [4) conducted en experiment which is ciosely Felabed o
cuncept formation; namoly, the icemtification of a concept after the manncr
cf the game '20 quasticns.? In the experiment, four nuestions wore employad
3¢ 230lote an animal topic, One experimenter asked the gquestions in firzed
order of ancther who araswered 'yas® or 'no' according to the tople, Follow-
ing each question, tho subjec’s were required to guess the concept. 1Tus
informaticn transrdtted by each question wes calcidated, and theorciislly
sach should have somveyed one bit, but in actuslily C.C3, 0.91, 0.21, and
0.78 bite were transmitted. The central concliusion seemed to be that the
third question was unfortunately phresed, since aumiers to it failed to

convey much informatione.

.. Paired Asgociates Leawning

In this sscticn, wo shall comsider 2 leaxning zituation where
one claaas of cbjects =~ vourlly words - Immem o liegpenges' have been
pleced in oneetoeons corraspondencs with anothar slugs of objects knowm a3
tstiruli.’ Initiaily,the subjecct kmows nothing of the pairing and he can

onlyr puess at the approovriate response to o given atirmlus: if he is correct,
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b is told this,; if mot, bhe is t51d the correct response, Aftar a nudber l
of repetitions, R, of the stimilus class, the subject begins to isarn Hho {
scrrect pailring, and he ohitaing a certein number of correct bonds, say C,
out »f the total of N The finction C(R) is known 8 his ‘lsavniug ewyvs® gi
for the paivred assoclates. Several theoiviess; and formulae, for thie Isarning §
phenomenon have been put forth which are svmmarized oy Hogexs ifk] in a :
: thesis din which he dntwnduces a new learning theory based ia purt on lafcrma- ‘
' tion theory, |
E Ha molees twe central. assumpticas. Frst, he supposes that ths ;
wneertainty vaich a subjsch has with regpect to ths stiaulus slege aftter ;
,: R repetitionn of the stimilus clags 13 a funetion of I aisus:. In particulaw, .
i i he suppeses that 1t is constaws = U, - for the firsi b repebiticns, wiere |
i § b is a 'eet’ narancier uwhich tells when the lesrning beging, and thet frox |
’ g b on it 18 2 Linge» function of R, ice., '
! ;g U e §, ~alRb) fori>b |
e~ 3 “ie ok ~ ™ - = ‘ |
;i Second, let P be the total nurber of bonds which the subjert :
.§ g knows after R repetitions, which Rogers chows is one less than the expected
! : velue of the observable C, Iet k be & stimulus not among the B that are
i . i knowm and let i be any zespons which 45 not asssciated with cne of the B
; r known stimili, then he suppeses that the prckability thet 1 is the resauonss
f woen k is given is 1/(N-2). In other words, the subject is assumed to
Gisieibtis his 1esponse choices without proiference over all the available
: Tesponsc elemertsa. !
g From this eecond assumpticae; It i8 not difficult to obiain an

1
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H expression for the umcertainty in terme of K and B, Eavating this to the |
i
assumad expression in terms of R gives an equation between B aud R, and so g
b ‘between C and R, Tids may be soived for Ct i
1 h i
s ra "63\3"‘0) . £, 3
{H~1) {3 « e 1+1, forR>D :
. (o4 = ,
v - b
f 1, fer R<H 1
vhere 8 = i0g,6. It has lcagz been noied thot meny lesrning data ave
£ appraximately fit ty such =rn oxponentisi leaiming curve, thongh in general
: 113 huz been an empirisal ohmervation which was not deduced from othes '
3 !
1 asgsumptions. i
3
- .
g To tcgt tho merits of this thaory, Rogem drew cextain conclusioms
g from 1t which couid be confronted by data, and thsss conclusiors were T
i E :
5 ;
& > . it ] A Eaesd ] 2 - S = 3
é custained by BiS GHi8. Throuw wibesiiaonts of @ siwilos oo wore performud,. 1
P g} 1) GCorrelated Structuore. Stimlt - playing cards having Wi saslly zecoge- !
LB ;
R nizsd direnaions, suits axd denominations, were asscciated with nonserss :
g =
i u7llebles of the form congonentevowel-consconant in a correlated mapner, o
2 |
. The firast letter always corresponded to the denomination and the lssi to
I
| = - .
: gf ths sult. 2) Unstructursd, Picturss of diverae househeld obhjects wore
£ J“i"” - -® o= =
i palred in an arbitrary manmer with nonsenss syliables. 3) Uncorrwiated
i B
1 &
| B Structured, The sams mburials ax o L wame wged (30 hath ths grimlua
| & class and the »osponas class were structured) but there wis no gystamatic
./
3 :‘ .
| & relation in the pairding betwssn the stimulus class erd tha response cless,
| g
i o 5 - ~
i g He then evamined whet two classica). fimordes of learnirg < Gsotelt and the
:\ kY
!
| & :
i3 J:;
I8 i
| 1
i it
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twenslar theory of meaning « and his om information tnsory of isarning
predicted as $0 ths learning rates iin theme three caged, Oestait theory,
H 1
zecording %0 his interpretation; ranke then 1. 3. 2 in order of increasing g
. 3 ., - i
: Giificulty, transfer theory gives an opdering of 1, 2, I, while inturmstion i
i H
e 1
thecer redicts that 1 and 2 shculd he squaliy easy and 3 mois di¥iiculi, {
! Mz 2ads ars soasisiont with snly the last prediction. 4
Attempts Lo 7it the learning curve to the data were for the meat {
par: succassful, althoagh ore can note a2 censistent 'ST character to the
data, which, of emurce, vhe exponential does not possess. He points out
that if the linesr agsumption were replzceed by an sppropriste non-lirvear one,
once could easily produce a lezraing cvrve with an 157 shape = or, we migim
{ add, with practieally ary cther sheme. for that natier.
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! Appendiix: The Contirmous Theory
i Much commmication ¢an test be thought of ag the transmission

o2 o contimvous 3ignal and not as = pequeunce of Lemporslily ordered selsctions

frem 3 findte geot of porsivle elemente, For the most part, asz we have meen,

L

tha rontinvous thevry Lhas beon of 1itile ivmortance in dbehaviorai spplica~-

tions, though it 1s of considerable importance in elecirical ones. We shall,

ES

'

wsrefone, only sketeh the theory briefly. Our presentation follers Shannon's

£

[87] closely.

U e e i

Wl 0t TS el 5 MG B SR SR

A.1 The Contiouous Sourt?

A source is sa’d to be contimucus if, in affect, it makss bub

2 e ey

one selection from & coui:inuum of elementsg spesifically, if it chooses

one number from the set ~¢ all real numhers, We zhall suppoge that this

1 selection is charactexir:i by “he probability distribution pfx) over the

: real nombers X. Since » is a distribution, ) pix)ix = 1, and furthxemore i
: Joss

for any & >, no matier hHow smali, we can find finits 2 and b such that i
i t (b

i * !

1ez< j plxidx <1, Iow. for such 2 and b we may divide the interval
a&

v e hes

! fron & +0 b into n equal intervale, and we can troet each of the intervals as

- o

5]
1 eleot from a finite set, with probavility p{z)dz of being zelected.
4
‘f'". ]
A A1l fno zonbinum nod in 2 So b iz wn n ¢ 1sh alavent with probability ;
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b
\ p(x)dx. Thes we have approximeted the continuous souwes by a dlscrete
-; ."

one and foy each n we car compute a eorrespending entropy H e As we let n

approach infinity, the approximction is letiter and bettsr, but nfortunately
E'n also approachss intinity. This, of course, is reasonable considering
the basisg of tha dizerede cntrony aanesyt, but that does not maice the

approach any more asifsfactcry as a wey 4o somnare contirnous sources.

. o

In such situatiors it is very often the czse that the differencs
between the quantily desir:d and =nother cuaniity which taads to infinity

ST RIS L e st pen o iy

4
1]
&
»
4
$

with n i3 1%s0if tend to a findte 1dmit, 1If this sesond quantity ean be

chcgen to be the same for 11 sources, then the remilting differences are

o Geguat!

1% E VR A et Bo sonineadses Mes 2L ol A8, PP =
3 SToTELEly aneasisllp SOLpEratars IO VhB Couinliusus sowite. AL balore,

PRVSIT N

we. shoose a and b and ¢ divide the interval from a t¢ b into n eguai

i A

intervels. Each of thete intervals in of length ox = (bea)’n, Wheress

P

&
4 & O - & - \
| ' 3 plx, )ax iog, p(xi, ax
A_ E_ i T o4
e
i and got into trouble, we ncw examine
 E
? ot
| o, Ax 3 plx,) alog, plx,) !
- log, 4z - Z x, g, Plx,) Ax, |
- 2= 1 |
ioa |
pom {
' It ie not diffieult to sbow thue i
5 y . R C |
e iim  idm itog, A x - Z _p:,:i) ax log, pix, ) ax] i
e bt nyw - i=l ‘
5; g aroc AXdo i
& 3
v 3
i 6 -
| #E 2
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- ‘ vix) log, plx)s
-

This quantity. wbish 15 denoted Fix), is ealled the entrupy of a continucuz

sowrce. I is well to keep in mind that the sontimusus entropy is not

an exzet anslogue of ths discrete sriropy; and so certain differences in

215 Y RN PRI AR atar Y

proparties may be nxpected, The swrnsising thing ig how mary of ihe reaulids
ars indspendent of the baze-iline Irom which e dlsorels cotrory is messwred.

If there arc o argumenis x and ¥ to the distribution (as in the
csse of noise), the joirt ond conditionzl entropies are defined by

(U B PR SR (RO
H(A,,_y, T o f S TINE Y Ovz ,.....,,,'1 u.-.\,,

« /[ pixsy) Loz, BELS any

rna

! ()

! Hx) =« [ “wizy) log EETZ%Q
i A AN {4 En 63 ody
L
? b
- wuare

iy SR O f.u.-. )p-r
] PN~s PR R TR Y
4

]
i y) = / plxyyddz.
i
' Mexgyr of the fheorems of tne Giscrels cosc carYy over - usueliy
, quite dirsctly ~ %o tha continucus case, but in addition there axre certainr
; v theorems which rest hauvily ou the oxistence of a2 coordimats cy=tem,
{ We iist srme of the more fiportant ones, of which the first iz famiilar
! snd ths sikher four are hew.
i
, 1. 8(xyy) < Blx) + H(y),
1
| (
Y

! 1
! ']
i 4
! :
i £
| 5
b a - > %
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— K = == 3 Y
Alxgys = oi{z)+ rzx(y) = uly) + Hy\z,.

B (y) < u(y).

2. If p(x) = O excapt or an interval of length v, then H(x) is

e T bt e

a maximm ( = log, v) whan p{i) = 3/ for x in the iaterval,

Fo

3. Of tha zloss o2 211 ocviinuous one~dimencional distrdioutions

Al sdR AR WRELS

N

with variznce 07, the n¢.smal, or Gaussian, iz the ons baving maxinum
\ l-')

entropy, The valus of the maximm is log, 2" “g

lio Of the elass of all contirnous onc-diwsnsional distributions

with mean & > O and with p{x) = 0 for x < O, thc sxponantis: is the ane

baving maximm entrepy. The value of the maximm is 1052 es..
! { 5, Ualike the diserete ceze, in wihich entropy monsures the
; ¢
i randomess 4in an wbgolnia Wey, the contdmuous entxopy is a msasure which
1]
3 i is relitive to a coordin:ia system, If the coordinata syxtem I3 changed, i
3
1

the entropy is changed., Ihic 45 z=st comdswe; hewsver, ainse both the shaaasd

cspacity and ths rate of informailisa transfer depand on the diffarvaca

Ca

P70 g,
onp a2 imTOmZ ¥

“

of two entropies, and s0 they 2:¢ invariant under coordinate transtormation.
Reich [83] states that he has shoun that the definition of infurmeiion
H rate vsed iry Shannon is the only one of a broad class of pozsibls Jdefiniticss

which 15 iavariant under coordinate twangformetiosn,

aree g A BBIIY v eemwD a8 W

A.2 The Channel Capacity

Ag in the dimereote ncimy casa, ik channel sapacity C is dafined

-t WA PR
L

-~

to be the maximm rate of transmizsion R = TH{x) - x;\y(}:) obtalined by congidoring

.
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all ponstbls distiedibuiians. This 1s easliy shown to be

C e lim max vg S S p(xy) 1eg, F{%%\% & & o

To e p\:)

One particnlarly liportant cxse in spplications is that in which ho nolss
18 simply adiled to Wi sicusl snd I8 independant of it In tkot 2ape the

ST S A eiselt o cEendi i Rhia e biseend 3 7 3 ¥
L1~ v 17 ol Wik QOlBe Gan LS OF uvsde If wo dancis 1% Lkl _z(!!_); than

C = max H(y) ~H(n),

=)
0f course, if thmie 2re reztrainks on the clasn of admissible sipgnaise,
the mocimization ig taken gubjeet to tneer mastraintas,

A sirple, but very important, elcetrical. applicaticn of tas

ahove thacrom is 15 the esse of a chamnal which has a bandwidth of W
°y"q55 nar sasoni f005o3 & ib:ll!hh""” whish will naan froam =;00 to 3 5'00

wyeles per second has & Landwidth of 3,000 cyeles per setvod), in which
the tranvitter has an avecage power auiput of P and the noise is whits
therml noise{3.s.; sil fiequencies are equally represesiss) of avosngs

powerr N, In Lhis erse the chammel espacity in bits per second is
& =4 log, L+ %})o
4.2 Rata of Tranmmission

®Tpn ¢thoe case of a diserete source of information w2 ware sble o
deternine a defiriic mte of generating informabion, namely ths enteopy of

the wdsrlying oYochastic preeessg, With 2 convinuous source the sivuation
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is crugideradly moms invvlved, In the first place & comticucusly vasriabla

Furntity can magsome an lafinite mmber of values and requires, theraforse,

t an infinite number of binary digits for exact specificaldon, Tbis mezns that g
10 transmit *hs outpri cf a eomtimacus sowrce with evzol regscvery ab tioe é
-
receiving point veguires, in gemerni. = cuannel of infinits capacity (in ;
Lits por seennd).  Sivea. owdinariiy, channels have & ssrlain zmommt of '
noize. and thezefore 2 finite capreity, exnet transmlssion is ivopessibls, } g
Mhis, howaver, ovades ths real fssue. Practically, we arc not 2 f
imveaeated in <ot wansrimsion vhen we have a continucus souxes, but caly ; l
: in “wangndastion o within 2 certain tolerance, The gquastiorn is, ean we E
. ]
i assior » dafinite rate to 2 combinuous souree when we Tequice cnly a certain {
; Lidelity of recovery, atcsmred in & seitable way, Of courss, as tiw fidelity ' '
5 : requiremmts ars inerveascd the rate will increass, It will be shown that :
l We can, in vory general mses, (erine & yais, Laving ihc promerty thuat it ;
é 4is possibla, by properly encoding the informziion, i teapsmit it ovex i
' f 8 channal whisse sapacity ie equel o the rate in question. and satisfy the i

] : Tidality requirements. 2 channel of smaliecs- capacity is insufficliemi.®

1
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The noics chavacii» of Whole SyJsuem 18, «u DESITS, given

any

by a distribution p(x,) which states the disizidution tbat the eigmsl y
1s ronesived whun x is senve.  The fidulily oFf tho cymienm ds
! evaliuation o how differeit y is on the sversge faom x, It i3 sssured VO

be a funstion of ths nodee; that ig. 4f 4t js wmgsured by a2 real nwbsr 1t

~

( i can be wiitten in the form vinix,y)). Undar vuite broad sumditdons, whlel
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wa =zhell rot atterzt tc stote here (see [87]), it can be siown that v

: san bs FIPresSGLLed a8
)
Ay r g .
z vip(xeri) = /S plx,y) plxyy) ax 4y
| g
l - - rs P
! Thn reu ~vaiued fimetion o>, sagertially z measure of ths difference :
8 [
i = 1
' 3 betucen x and 7 224 in comrwting the rideiity it is weishied accopding ic 7
TR - - 3
¥ ; i
! %he Drobabil ity density of the leint occwrrence of x srd v. It may be :
]
(] - - e 1
] illwdnatdng 4o considesr o very common electrical eriteria of fideii i
i 3
! The Tirst s e root-mean-squars oritsrion, nomniy, ;
i
¥ 1
!

‘,-
[N

| . \
plxy) = § /7 Ixle) « 7o) e,

and the g5:omd is the absolute error eriterien, namely,

m
. 9 -
plxsy) = = Sy Ix(s} « vltdiat,
| ffow, the ratc 3 of censrating infarmaticn corvesponding to a given

quality of reproductior (ficelity) v is defined Lo be the minimum R which

R
e O s Sl A 0 LB RO

A4 TR O SR DD RN IDKT SR SN TR D (TR AR

e cpirt

is nblained b wowrtez ol73) with v held sonstant, L.e.;
R oo i d/" Iz {X,:") ._.OE.’ "(XJ )_* &= & !
olylx) ~ T 2 Px) py) - ;
: subject to
Pl 7 = /7 plxsy) pixsy) ex 4y
; { wrw this definiviun, abd wich that of chamasl enpaeidy given in sedtion
A 4.2, it ean he szhowun that 3£ 2 sciresn has & rabs R for 3 valuadion of

mant

Didellty v, theu it i3 poasible to ancode the oulput uf the smourcs crnd o
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tranamdt 3% over a channel with capacity G in such a manner that the !
|
! fidelity is arbitrarily mesr v if; and miiy 4f, R < C. This is the %
! undemental theorem for the transumiscion of infoxipation in the sontimucvs 3
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Tha falloding grovp of papers and backp wmish wore
oxaained in the preparaiicn of thig Teport include the cembrul
wordes on (5 thocry of infarmation and al)l of the works which
W LEve Looh ads o fand (a8 of eaviy 19%)) comesxawd Ktk
%0 sonliortien o paycholosy. The bitliocgraphy prepered by
Stmpess [$5, 5] 15 move gemeral thas ours in that it cuvers
«he stdle ares of Cyhegmeti~g apd tns applicatiens of inforsm~
tion theary in weruinsering wad in the ssveml behsvicral nalences
(28 of early 1953), bus it 55 nch S0 CCAPISe A OUXs iew poy=-

cheiopieal applicutions.
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